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Abstract. A large deflection, semi-analytical method for pre- and postbuckling analysis
of stiffened plates with a free edge is presented. The stiffeners can be oriented in both
directions parallel and perpendicular to the free edge, and the stiffener spacing can be
arbitrary. Both global and local buckling modes are captured by using a displacement
field consisting of displacements representing a simply supported, stiffened plate and an
unstiffened plate with a free edge. The out-of-plane and in-plane displacements are rep-
resented by trigonometric functions and linearly varying functions, defined over the entire
plate. The formulations derived are implemented into a FORTRAN computer program,
and numerical results, including load-displacement curves, stress plots and displacement
shapes, are compared with results by finite element analysis for a variety of plate and
stiffener geometries. Relatively high numerical accuracy is achieved with low computa-
tional efforts. In addition, introductory investigations of ultimate strength limit (USL)
predictions computed by the present model are presented.
Keywords: Stiffened plates; Free edge; Postbuckling analysis; Semi-analytical method.
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NOTATION
Subscripts
x, y, z Components in Cartesian coordinates
, xy Differentiation with respect to x and y
f Flange
w Web
0 Initial
Superscripts
a Component representing a plate with a free edge
b Component representing a simply supported plate
c Component representing linear variations of in-plane displacements
me The location at the midlength of a free edge or of an edge stiffener
pb Bending contribution of the plate
pm Membrane contribution of the plate
s Stiffener
L Linear
NL Nonlinear
Symbols
E Young’s modulus
ν Poisson’s ratio
ET Hardening modulus
fY Yield strength
L Plate length
b Plate width
t Plate thickness
tw Web thickness
hw Web height
h Stiffener height
tf Flange thickness
v
bf Flange width
As Area of the cross-section of a stiffener
I Moment of inertia about the middle plane of the plate
u, v, w Displacements in a Cartesian coordinate system
wai , w
b
ij Amplitudes for the out-of-plane displacements
uai , u
b
ij, u
c Amplitudes for the displacements in x-direction
vai , v
b
ij , v
c Amplitudes for the displacements in y-direction
w0 Model imperfection
wa0i, w
b
0ij Amplitudes of the model imperfection
Ndof Total number of degrees of freedom
σx, σy, τxy In-plane stresses in a Cartesian coordinate system
ǫx, ǫy, γxy In-plane strains in a Cartesian coordinate system
Sx External stress in the x-direction
Λ Load factor
Π Total potential energy
U Strain energy
T Potential energy of the external loads
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1 INTRODUCTION
The global capacity of plated structures depends on the buckling strength of the individual
stiffened plates, and each individual plate must be dimensioned to be strong enough to
sustain the external loads. As an alternative to the various finite element approaches
and explicit design rules [1, 2], analysis using semi-analytical methods is becoming more
common in structural analysis, in particular in computer based design codes [3, 4]. These
methods are more accurate than the traditional explicit design formulas, and in addition
more efficient than finite element analysis. Semi-analytical methods are usually tailor-
made approaches for specific cases with certain boundary conditions and load conditions,
and they are not so general as finite element approaches. This will increase the compu-
tational efficiency as compared to a more general problem description, but on the other
hand, restrict the range of applicability.
In the present study, plates with a free edge are of interest. For such plates, most
of the semi-analytical methods available are considering the elastic buckling (eigenvalue)
characteristics of unstiffened plates. Since the accuracy and convergence of the method
depend on the selection of displacement fields, many researchers have studied different
proposals for admissible displacement functions for such plates. A usual assumption is
to use a trigonometric series in the direction parallel to the free edge combined with
polynomial functions in the perpendicular direction.
In a recent work by Mittelstedt [5], various displacement functions in the direction
perpendicular to the free edge were studied, including various polynomial functions and
a term with a cosine function. In that work, it was found that an ordinary polynomial
function was the most appropriate displacement function. The same conclusion was also
drawn by Smith, Bradford and Oehlers [6], where both ordinary and orthogonal poly-
nomials were studied. In that paper, it was found that orthogonal polynomials were
computationally more expensive than simple, ordinary polynomials, despite a reduced
number of terms required for adequate convergence. Ordinary polynomials have also
been applied in many other works, e.g., in Madhavan and Davidson [7, 8], Qiao and Shan
[9], and Yu and Schafer [10].
All the semi-analytical methods for plates with free edges mentioned above are restric-
ted to linear elastic buckling (eigenvalue) of unstiffened plates. In the present research
work, the main focus is on postbuckling analysis of the plate response in which the dis-
placements and stresses are predicted.
The major objective of this work is to develop a semi-analytical, large deflection (non-
linear) theory model for analysis of imperfect plates with one edge being free or provided
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with an edge stiffener at the “free edge” and with or without additional stiffeners par-
allel or perpendicular to the free edge. The model should be capable of computing the
plate response and the plate stresses. The plate stresses can be used in combination with
suitable strength criteria in order to predict approximate ultimate strengths. The pro-
posed model is based on an incremental form of the Rayleigh-Ritz method and follows
the general solution strategy as outlined by Steen [11]. By using this solution proced-
ure, the model is able to trace the pre- and postbuckling response, and consequently,
it is capable of accounting for a possible reserve strength beyond the elastic buckling
load typical for slender plates. The present solution strategy has also been applied by
Byklum and Amdahl [12] for simply supported, regularly stiffened plates and by Brubak
and Hellesland [13] for simply supported, irregularly stiffened plates. In addition, in a
related semi-analytical model presented by Buermann, Rolfes, Tessmer and Schagerl [14],
a similar solution strategy has been applied to stiffened cylindrical panels.
In the present semi-analytic model, the stiffeners are modelled as simple beams. This
implies that the model is not able to capture local failure modes of the stiffeners. Con-
sequently, the stiffeners must be dimensioned so that premature local stiffener buckling
does not occur, for instance by satisfying certain requirements according to design rules
[15, 16]. The torsional stiffness of the stiffeners may be accounted for by including the tor-
sional energy contribution. The proposed model is able to capture the interaction between
local and global plate bending, including asymmetric effects typical for cases with out-
of-plane bending of plates with eccentric stiffeners. By applying rotational springs, the
supported edges or a part of them may be simply supported, clamped or something in
between. An initial deflection is included in the model formulation in order to describe
an imperfection resulting from the fabrication process of a real structure.
2 PROBLEM FORMULATION
2.1 Introductory comments
For postbuckling analysis of thin plates, a usual approach is to describe the problem by
out-of-plane displacements only. Then, the in-plane stresses must be found by solving
the plate compatibility equation [17]. In previously presented semi-analytical methods
for simply supported plates [12, 13], this equation have been solved by substituting an
assumed Airy’s stress function. For unstiffened plates with a free edge, a solution for the
Airy’s stress function is found by Ovesy, Loughlan and Assaee [18] using a finite strip
approach. However, for semi-analytical approaches using a displacement field defined
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Figure 1: An illustration of a ship hull (graphics by the DNV’s software program Nauticus
Hull
over the entire plate, it is difficult, and maybe impossible, to find an analytical expression
for the Airy’s stress function that satisfies both the plate compatibility equation and the
boundary conditions for a plate with a free edge.
Another approach is to use an assumed displacement field for each displacement com-
ponent u, v and w. It is this approach that is presented in this report. By introducing
assumed displacements also in the in-plane directions, more degrees of freedom are needed
and a larger system of equations must be solved. An advantage of including in-plane dis-
placements is that the difficulty of solving the plate compatibility equation for a stiffened
plate with a free edge is avoided, and the stress computations becomes much more effi-
cient. Once all the displacements (u, v, w) are known, the internal stresses and strains
can be computed directly from Hooke’s law.
The displacements are represented by adding together a displacement field for a simply
supported, stiffened plate and a displacement field for an unstiffened plate with a free edge.
As mentioned above, polynomial functions have been used in many research work for
unstiffened plates with a free edge. However, if polynomials were used for stiffened plates,
many terms are required for convergence, which, as discussed later, may cause numerical
instabilities. These numerical difficulties are avoided with the present displacement fields.
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(a) (b)
Figure 2: Typical stiffened girder examples with one free edge provided with (a) an
eccentric stiffener and (b) a symmetric stiffener.
2.2 Relevant plate examples
In many branches such as marine, bridge and aerospace engineering, plated structures
with stiffened plates are used as the main load-carrying components. In Fig. 1, a typical
ship hull, where the structure is built up by stiffened plates, is illustrated. Due to overall
bending and twisting of the ship hull, these plates are subjected to in-plane loads, and
each plate must be designed to be strong enough to avoid plate collapse. A plate collapse
causes material yielding and permanent displacements and this is usually not accepted. In
the worst case, a local plate collapse can cause an overall collapse of the entire structure.
In ship hulls, there exist both integrated plates (i.e. plates surrounded by neighbouring
plates and strong girders at all edges) and plates with a free edge. Longitudinal and
transverse girders, and stringer decks are examples where the plates can have a free edge
that may be provided with an edge stiffener. Girders and stringer decks are usually very
important for the overall strength of the structure because they support the edges of the
integrated plates. If these girders collapse, the entire structure may collapse.
Free edges of girders are often stiffened with either eccentric stiffeners or symmetric
stiffeners as illustrated in Fig. 2(a) and (b), respectively. In addition, the interior plating
of these girders can also be provided with horizontal and vertical stiffeners as shown in
the figure, and the spacing between each stiffener may vary. These stiffeners can either
be continuous or sniped at the edges.
Other examples where plates have a free edge are beams with channel sections and
sections with flange outstands as illustrated in Fig. 3. These flange outstands can buckle
4
(a) (b)
Figure 3: Local buckling of the flange outstands of a beam with (a) a channel section
profile and (b) a T-section profile.
locally and this may cause an overall collapse (global buckling) of the beam. The cases
mentioned above for plates with a free edge that may be stiffened are relevant examples
of where the present method may be applied.
2.3 Plate definition
The rectangular plate considered can be defined with reference to Fig. 4. The plate has
one unsupported edge that is free or provided with an edge stiffener, and it is supported
in the out-of-plane direction at the three other edges. Two opposite supported edges,
perpendicular to the free edge, are subjected to an external stress Sx.
A plate is usually a part of a larger structure and it is assumed that the supported
edges remain straight due to the neighbouring plates. In addition, the loaded edges are
free to move in the in-plane directions, but they are forced to remain parallel. A supported
edge boundary may be simply supported, or it may be clamped or partially restrained
by adding rotational spring restraints along the edges, or parts of the edges, in the same
manner as described in Brubak and Hellesland [19].
The plate may be unstiffened, or it may be stiffened with one or more stiffeners
oriented in the x- and y-direction. In Fig. 4(a), only one stiffener is shown in each
direction. However, none or multiple stiffeners may be included. A stiffener may also
be included along the “free edge”. Clearly, with a stiffener present, the edge is strictly
speaking not free. However, for convenience it will be referred to as a “stiffened free edge”.
The spacing between the stiffeners can be arbitrarily chosen. The stiffeners may have
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Figure 4: (a) A uniaxially loaded, stiffened plate with a free edge and three supported
edges and (b) an eccentric stiffener.
different cross-section profiles, and may be eccentric, as in Fig. 4(b), or symmetric about
the middle plane of the plate. The stiffeners may be end loaded (continuous stiffeners) or
sniped at the ends (with no end loads).
The stiffeners are modelled as simple beams, and consequently, lateral deflections of the
stiffeners are not accounted for. With this assumption, the stiffeners must be dimensioned
such that premature local stiffener buckling does not occur. This can be done for instance
by satisfying constructional design requirements in existing design rules, e.g., [15, 16],
which are given to prevent local failure modes of the stiffeners. By using such design
rules, the compressive stresses in the stiffeners will not exceed the critical stress for local
stiffener buckling. Consequently, in such cases, the present stiffener modelling approach,
neglecting local buckling of the stiffeners, seems reasonable.
The torsional stiffness of the stiffeners may be accounted for by including the torsional
energy contribution. This contribution is neglected for the cases studied in the present
report where only open stiffener profiles are considered, such as for instance T-profiles
and flat bar profiles. This neglect is reasonable as the torsional stiffness of stiffeners with
such profiles is relatively small. In addition, it is conservative to neglect this contribution.
On the other hand, for stiffener with a closed profile, the torsional stiffness may be large
and it may be too conservative to neglect this stiffness contribution.
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3 MATERIAL LAWANDKINEMATIC RELATION-
SHIPS
For thin isotropic plates, the stresses in the thickness direction is negligibly small and it
is usual to assume a plane stress condition. Further, for a material that is assumed to be
linearly elastic with Young’s modulus E and Poisson’s ratio ν, the well known Hooke’s
law is defined by
σx =
E
1− ν2
(ǫx + νǫy) (1)
σy =
E
1− ν2
(ǫy + νǫx) (2)
τxy =
E
2(1 + ν)
γxy = Gγxy (3)
where σx, σy and τxy are the in-plane stresses, and ǫx, ǫy and γxy the in-plane strains,
defined positive in tension. The total strain at a distance z from the middle plane of the
plate can be written as
ǫx = ǫ
pm
x − zw,xx , ǫy = ǫ
pm
y − zw,yy , γxy = γ
pm
xy − 2zw,xy (4)
where the first terms, with the super index ’pm’, represent the membrane strains and the
second terms expressed by out-of-plane displacements w are the bending strains. These
out-of-plane displacements w are additional to an initial imperfection. The conventional
“comma” notation is used for partial differentiation, i.e., w,xy for ∂
2w/∂x∂y, etc. The
bending strain distribution complies with Kirchhoff’s assumption [20] that normals to the
middle plane remain normal to the deflected middle plane. For the membrane strains, the
classical large deflection theory [21] is used (large rotations, but small in-plane strains).
The in-plane membrane strains are defined by
ǫpmx = u,x +
1
2
w2,x + w0,xw,x (5)
ǫpmy = v,y +
1
2
w2,y + w0,yw,y (6)
γpmxy = u,y + v,x + w,xw,y + w0,xw,y + w0,yw,x (7)
for a plate with an initial out-of-plane imperfection w0. Here, u and v are the displace-
ments of the middle plane of the plate in the x- and y-direction, respectively. These
formulations were given by Marguerre [17] in order to include initial imperfections in the
von Karman’s plate theory [20].
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4 DISPLACEMENTS AND IMPERFECTION
4.1 Displacement fields
The displacement field in each direction consists of a field representing an unstiffened
plate with a free edge, identified by a super index ’a’, and a simply supported, stiffened
plate, identified by a super index ’b’. In addition, a linear in-plane displacement field,
identified by a super index ’c’, is added to the displacement field in the x- and y-direction
in order to account for linear variations. The displacement fields are given by
w = wa + wb (8)
u = ua + ub + uc (9)
u = va + vb + vc (10)
where
wa(x, y) =
Mwa∑
i=1
wai
y
b
sin(
πix
L
) (11)
wb(x, y) =
Mwb∑
i=1
Nwb∑
j=1
wbijsin(
πix
L
)sin(
πjy
b
) (12)
ua(x, y) =
Mua∑
i=1
uai
y
b
sin(
πix
L
) (13)
ub(x, y) =
Mub∑
i=1
Nub∑
j=1
ubijsin(
πix
L
)sin(
πjy
b
) (14)
uc(x, y) = uc
x
L
(15)
va(x, y) =
Mva∑
i=1
vai
y
b
cos(
πix
L
) (16)
vb(x, y) =
Mvb∑
i=1
Nvb∑
j=1
vbijsin(
πix
L
)sin(
πjy
b
) (17)
vc(x, y) = vc
y
b
(18)
where wai , w
b
ij, u
a
i , u
b
ij , u
c, vai , v
b
ij , v
c are amplitudes, L the plate length and b the plate
width. With these displacement fields, the total number of degrees of freedom is
Ndof =Mua + (Mub ×Nub) +Mva + (Mvb ×Nvb) +Mwa + (Mwb ×Nwb) + 2 (19)
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For the displacement fields representing a simply supported plate (Eqs. 12, 14 and
17), similar fields with only one term in each direction are used in Bazant [21] to study
simply supported, unstiffened plates. By including more terms in the displacement fields
in each direction, it is also possible to model stiffened plates in the same manner as in
Brubak et al. [13, 19, 22]. For the displacement fields representing a plate with a free
edge (Eqs. 11, 13 and 16), each displacement component consists of a trigonometric series
in the x-direction in the same manner as in Ovesy, Loughlan and GhannadPour [23], and
a linear variation in y-direction.
Both the displacement fields representing a simply supported plate (with super index
’a’) and an unstiffened plate with a free edge (with super index ’b’) account for the in-plane
and out-of-plane variations due to out-of-plane bending. In addition, the displacements
fields defined with the super index ’c’ (Eqs. 15 and 18) are included in order to account
for linear varying, in-plane displacements. For instance, if an unstiffened plate without
initial imperfections is analysed by the present model, no out-of-plane displacements occur
and the only non-zero displacement amplitudes are uc and vc. The latter component vc
accounts for the extension of the plate in y-direction due to Poisson’s ratio.
Boundary conditions
The displacement fields represent a plate with three simply supported edges and one free
edge. The displacements at the supported boundaries can be related to the coordinate
system in Fig. 4 and expressed by
u(0, y) = 0, u(L, y) = uc, v(0, y) = 0 (20)
w(0, y) = 0, w(L, y) = 0, w(x, 0) = 0 (21)
Although the plate has three simply supported edges, it is also possible to model ro-
tationally restrained edges by using rotational springs. In the out-of-plane displacement
fields, each term in the series of sine functions represents a simply supported condition,
and consequently, does not satisfy the kinematic boundary conditions for rotationally re-
strained edges. However, by adding together the terms, the sine series are, in combination
with rotational springs along the supports, nearly able also to describe fully or partially
restrained conditions. If plate edges, or portions of edges, are partly or fully clamped, the
additional strain energy contributions from the rotational springs have to be added.
For rotationally fully clamped plates, it would be more appropriate to assume an
out-of-plane displacement field defined with a series of cosine functions that satisfy the
kinematic boundary conditions. To achieve the same accuracy with a sine field that does
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not satisfy the kinematic boundary conditions, a higher number of degrees of freedom
(number of terms) will normally be required. Rotational edge restraints are discussed in
more detail by Brubak et al. [19, 24], and by Byklum and Amdahl [12].
Discussion/comments
Some comments of the chosen displacement fields might be in order. In the assumed
displacement field representing a plate with one free edge, variations in the y-direction
(perpendicular to the free edge) are accounted for by including linear polynomial functions.
As mentioned before, polynomial functions in the y-direction have been used for analysing
plates with a free edge in many research works, e.g., Mittelstedt [5], Madhavan and
Davidson [7, 8], Qiao and Shan [9], and Yu and Schafer [10]. In these works, unstiffened
plates were studied, and for such plates it is not necessary to used many terms in order
to achieve satisfactory results.
In preliminary stages of the present work, displacements with polynomial functions
with many terms were studied. In that study, an eigenvalue problem was established for
an assumed displacement field defined by
wpo(x, y) =
Mw∑
i=1
Nw∑
j=1
wpoij
(
y
b
)j
sin(
πix
L
) (22)
where wpoij denotes the displacement amplitudes. In order to describe the displacements
for an unstiffened plate, a polynomial with 3 or 4 terms in Eq. 22 will normally be enough.
For such few terms, no numerical problems occurred in the test study. However, by using
Eq. 22 for a stiffened plate, many terms must be included to describe the displacements.
In principle, the more terms that are included in the polynomial function, the more exact
the solution becomes. However, numerical tests using the polynomial function showed that
numerical problems occur if many polynomial terms are included. As a result of this, it
was decided to replace the displacement field in Eq. 22 by the combined displacement
field defined by Eq. 11 and 12.
For the assumed displacement fields used in the present method (Eqs. 8-18), numerical
problems did not occur. The approximation of using only a linear variation in the y-
direction is partly compensated for by adding the trigonometric series representing a
simply supported stiffened plate (ub, vb, wb). This will be demonstrated later.
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4.2 Imperfection shape
The initial imperfection shape is represented by a similar field as that used for the addi-
tional out-of-plane displacements. This imperfection can be written as
w0 = w
a
0 + w
b
0 (23)
where
wa0(x, y) =
Mwa∑
i=1
wa0i
y
b
sin(
πix
L
) (24)
wb0(x, y) =
Mwb∑
i=1
Nwb∑
j=1
wb0ijsin(
πix
L
)sin(
πjy
b
) (25)
Here, wa0i and w
b
0ij are displacement amplitudes. These amplitudes must be found in order
to describe the imperfection.
In the results presented later, the first eigenmode is used for the imperfection shape
as such. The maximum amplitude of the imperfection is a specified value. In a design
situation, this value can be taken according to a relevant design code [1, 2]. The eigen-
mode is computed in the same manner as described in detail in Brubak et al. [19]. The
resulting eigenvalue problem can be written in the common, bold face notation as
(KMe + Λ
eKGe )w
e = 0 (26)
where Λe is the eigenvalue and we the corresponding eigenmode. KMe and K
G
e are the
material and geometrical stiffness matrix, respectively. These matrices are given in Ap-
pendix E. In this eigenvalue problem, the amplitudes for the out-of-plane displacements
are the only unknowns.
In the eigenvalue problem, the stiffeners are modelled as simple beams with flexural
stiffness only against out-of-plane bending. This means that the axial stiffener stiffness is
neglected. An eccentric stiffener is included in the same manner as a symmetric stiffener,
but with an effective moment of inertia Ie computed with an effective plate width be.
In the same manner as in Brubak et al. [19], an effective plate width be = 30t is used
for a stiffener located in the interior plating, where t is the plate thickness. For an edge
stiffener at the free edge, the effective plate width is reduced to be = 15t as proposed by
Eiding [25]. Similar reduction for the effective plate width for edge stiffeners was used by
Rhodes [26] in another context.
In order to obtain a more correct interaction between the stiffener and the plate in
an eigenvalue procedure, a method such as presented by Bedair [27] could have been
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used. In that method, both out-of-plane and in-plane displacements are introduced as
unknowns. The approximation of neglecting the axial stiffener stiffness and of using
an effective moment of inertia, in the present procedure for obtaining the imperfection
shape, is considered more than adequate. This has also also been verified by Brubak and
Hellesland [19, 22]
In principle, any imperfection shape can be used in the present model. Another
common approach for stiffened plates is to use an imperfection shape in which a global
and a local imperfection mode is added together (Byklum [28], Paik and Lee [29]). The
global mode may be taken equal to the displacement field of a plate without stiffeners. The
local mode can be found by performing a linear elastic buckling analysis where the out-
of-plane displacements along the stiffeners are prevented by using strong translational
springs. Alternatively, measured imperfections in a real plate may approximately be
represented by the assumed displacement field. Any imperfection shape can be modelled
by using enough terms in the displacement field.
5 SOLUTION PROCEDURE
5.1 Incremental response propagation
The postbuckling response is traced using an incremental procedure presented by Steen
[11] in which an arc length parameter is used as a propagation (incrementation) para-
meter. By using an arc length parameter, this procedure is more general than methods
with pure load or pure displacement control, and a complex plate response can be handled,
including snap-through and snap-back equilibrium curves. This procedure has been ap-
plied in several other research works, in which the out-of-plane displacements were the
only assumed displacements, e.g., Byklum and Amdahl [12], Brubak and Hellesland [13],
Byklum, Steen and Amdahl [30], and Steen, Byklum and Hellesland [31]. Unlike in those
studies, also the in-plane displacements are included in the assumed displacement fields in
the present work. This complicates the expressions in the incremental response propaga-
tion and coupling terms between the in-plane and out-of-plane displacements appear in
the equations that describe the plate response.
In the large deflection theory, the equilibrium equations obtained using the Rayleigh-
Ritz method are nonlinear in the displacements. In order to avoid solving nonlinear
equations directly, the equilibrium equations are solved incrementally by computing the
rate form of the equilibrium equations with respect to an arc length parameter η. The
change in the arc length parameter can be related directly to a change in the external
12
∆di/t
∆Λ
∆η
Λ
di/t
Figure 5: Illustration of the relationship between ∆η, a load increment ∆Λ and an incre-
ment in the displacements for a case with one amplitude di.
stresses and displacements. For an external applied stress that is changing proportionally
with a load parameter Λ, this relation is illustrated graphically in Fig. 5. In the limit, as
the increment size approaches zero, it can be expressed as
Λ˙2 +
Ndof∑
i=1
d˙2i
t2
= 1 (27)
where Ndof is the total number of degrees of freedom, di represents the elements in a
vector consisting of an assembly of all the displacement amplitudes and d˙i is the rates
of the displacement components. The displacement amplitude vector, defined by these
components, can be written as
[di] =
[
d1, d2, d3, ..., dNdof
]
=
[
ua1, ..., u
a
Mua
, ub11, u
b
12, ..., u
b
MubNub
, uc, va1 , ..., v
a
Mva
, vb11,
vb12, ..., v
b
MvbNvb
, vc, wa1 , ..., w
a
Mva
, wb11, w
b
12, ..., w
b
MwbNwb
] (28)
where, for instance, d1 = u
a
1 and dNdof = w
b
MwbNwb
. In Eq. 27, the plate thickness t is
introduced in order to obtain dimensional consistency. A dot above a symbol (Λ˙, etc.)
means differentiation with respect to the arc length parameter η, which can be considered
a pseudo-time.
In the incremental procedure, the load parameter Λ and displacement amplitudes di
are functions of the arc length parameter η. For an increment ∆η along the equilibrium
curve from point “k” to“k + 1”, a Taylor series expansion gives
dk+1i = d
k
i + d˙
k
i∆η +
1
2
d¨ki∆η
2 + ... (29)
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Λk+1 = Λk + Λ˙k∆η +
1
2
Λ¨k∆η2 + ... (30)
The second and higher order terms are neglected in the present work, resulting in a first
order expansion. The approximation based on only the first order expansion is usually
referred to as the Euler or Euler-Cauchy method. In other works, such as in Steen
[11] and Byklum [28], it is shown how to include the second order terms. However, in
the latter work, it was found that significant computational gains (efficiency) are not
achieved by retaining the second order terms as compared to the Euler method with
smaller increments.
The accuracy of the present method can also be improved by using equilibrium cor-
rections after each increment, for instance such as in Riks’ arc length method [32], or
alternatively by using an improved Euler method (Heun’s method), which is a predictor-
corrector method [33]. However, these improvements are also computationally costly and
will not likely result in significant computational gains although they allow for larger
increments to be used.
5.2 Incremental equilibrium equations
Equilibrium is satisfied using the principle of stationary potential energy (Rayleigh-Ritz
method) on an incremental form (rate form) as mentioned above. The incremental form
of the stationary potential energy principle, δΠ˙ = 0, where Π is the total potential energy,
leads to Ndof linear equations in Ndof + 1 unknowns. The additional equation required is
given by Eq. 27. The incremental form of the stationary potential energy principle gives
∂Π˙
∂di
=
∂
∂η
∂Π
∂di
= Kijd˙j +GiΛ˙ = 0 (31)
where
Kij =
∂2Π
∂di∂dj
and Gi =
∂2Π
∂di∂Λ
(32)
Here, Kij is a generalised, incremental (tangential) stiffness matrix, −GiΛ˙ is a generalised,
incremental load vector. Above, the index notation with the Einstein summation rule for
repeated indexes is adopted.
Alternatively, in the common, bold face matrix notation, the final set of equations,
including Eq. 27, can be given by
Kd˙+GΛ˙ = 0 (33)
Λ˙2 +
1
t2
d˙T d˙ = 1 (34)
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where Eq. 33 may be written in submatrix and subvector form as follows
K =


Kuu Kuv Kuw
Kvu Kvv Kvw
Kwu Kwv Kww

 (35)
and
d =

 uv
w

 (36)
−Λ˙G = −Λ˙


Gu
Gv
Gw

 (37)
In these expressions, the incremental stiffness matrix K is divided into submatrices, Kuu,
Kuv, etc., and the incremental load vector −Λ˙G and the displacement vector d into
subvectors. Further, for each displacement component (u, v, w), these submatrices and
subvectors are subdivided into new submatrices and subvectors corresponding to the dis-
placement assumptions (Section 4.1) previously labelled with super indexes ’a’, ’b’ and
’c’. For the displacements, this subdivision is expressed by
u =

 uaub
uc

 = [ua1, ..., uaMua, ub11, ub12, ..., ubMubNub, uc
]T
(38)
v =

 vavb
vc

 = [va1 , ..., vaMva , vb11, vb12, ..., vbMvbNvb , vc
]T
(39)
w =
[
wa
wb
]
=
[
wa1 , ..., w
a
Mwa
, wb11, w
b
12, ..., w
b
MwbNwb
]T
(40)
The vectors −Λ˙Gu, −Λ˙Gv and −Λ˙Gw are subdivided in a similar manner. All the bold
face vectors and subvectors in the expressions above are column vectors. More details of
the subdivision of the matrices and vectors are given in Appendix A.
The incremental stiffness matrix and incremental load vector consist of contributions
both from the plate and the stiffener, and can be expressed as
K = Kpb +Kpm +Ks (41)
−Λ˙G = −Λ˙Gp − Λ˙Gs (42)
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where Kpb and Kpm are the incremental bending stiffness matrix and the incremental
membrane stiffness matrix of the plate, respectively, and Ks is the incremental stiffness
matrix of the stiffeners. In Eq. 42, the incremental load vector is separated into a plate
contribution −Λ˙Gp and a stiffener contribution −Λ˙Gs. The latter contribution is zero if
the stiffeners are not end loaded, which is the case for sniped stiffeners.
The bending stiffness contribution of the plate Kpb is independent of the displacement
amplitudes and this is a constant contribution to the incremental stiffness matrix. On the
other hand, both the incremental membrane stiffness contribution of the plate Kpm and
the incremental stiffness matrix of the stiffener Ks is dependent on the displacement amp-
litudes. These two matrices can be divided into a linear (L) and a nonlinear contribution
(NL), and they can be written as
Kpm = KpmL +KpmNL (43)
Ks = KsL +KsNL (44)
The linear contributions are constant, and the nonlinear contributions are dependent of
the displacement amplitudes. The analytical expressions of the stiffness matrices and
the load vectors for the plate are given in Appendix C. For the stiffeners, the stiffness
matrix is given in Appendix D, and it is divided into contributions KsL,x and KsNL,x, for
the stiffeners in the x-direction, and contributions KsL,y and KsNL,y, for stiffeners in the
y-direction.
5.3 Procedure for solving the equations
In order to trace the equilibrium curve, the solution of a system of equations must be
found. As mentioned above, Eq. 31 (or 33) represents Ndof ×Ndof linear equations in the
Ndof×Ndof +1 unknowns (d˙j and Λ˙) and Eq. 27 is the additional equation required. The
solution of Eq. 31 is given by
d˙j = −Λ˙K
−1
ij Gi = Λ˙Qj where Qj = −K
−1
ij Gi (45)
By substituting Eq. 45 into Eq. 27, the following equation is obtained
Λ˙2(t2 +
Ndof∑
j=1
Q2j ) = t
2 (46)
from which the load rate parameter Λ˙ can be determined as
Λ˙ = ±
t√
t2 +
∑Ndof
j=1 Q
2
j
(47)
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There are two possible solutions with the same numerical value, but with opposite signs.
One solution is in the direction of an increasing arc length and one in the opposite dir-
ection. The solution of interest corresponds to that giving a continuous increase of the
arc length. This is assumed to be the solution which results in the smoothest equilibrium
curve. In the same manner as in Steen [11], this is expressed by the requirement that the
absolute value of the angle between the tangents of two consecutive states (“k − 1” and
“k”) in the load-displacement (Λ− dj/t) space is smaller than 90 degrees. Thus, for the
correct sign of the load rate Λ˙k at state “k”, the following criterion must be satisfied:
Ndof∑
j=1
Λ˙k(
Qkj d˙
k−1
j
t2
+ Λ˙k−1) > 0 (48)
An equivalent criterion for choosing the correct sign is given in Byklum et al. [12].
When Λ˙k at stage “k” is found, the displacement rate amplitudes d˙kj are given by Eq.
45. The displacement amplitudes and load parameter at the next stage are then found
from obtained from linear Taylor series expansion as
dj
k+1 = dj
k + d˙j
k
∆η; Λk+1 = Λk + Λ˙k∆η (49)
In this manner, the solution propagation is continued until a specified limit, or given
criterion, is reached. The present solution procedure is capable of passing limit points,
including tracing of snap-through and snap-back equilibrium curves.
6 POTENTIAL ENERGY
6.1 Potential energy of the plate
6.1.1 Introduction
The potential energy of the plate consists of a strain energy contribution and an energy
contribution due to external loads. The potential strain energy of the plate gives contribu-
tion to the incremental stiffness matrix, and the potential energy of the external stresses
along the plate edges contribute to the incremental load vector. Each contribution of the
potential energy of the plate is given below, and due to the large and complex expressions,
the rate form of these contributions are given separately in Appendix C.
For thin plates, the potential strain energy Up can be given by
Up =
1
2
∫
V
σ
T
ǫ dV (50)
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where σ = [σx, σy, τxy]
T , ǫ = [ǫx, ǫy, γxy]
T and V is the volume of the plate. It is common
to divide the strain energy into a membrane contribution and a bending contribution.
Then, Eq. 50 can be written as
Up =
1
2
∫
V
(σpm + σpb)T (ǫpm + ǫpb) dV
=
1
2
∫
V
(σpm)Tǫpm dV +
1
2
∫
V
(σpb)Tǫpb dV
= Upm + Upb
(51)
where Upm and Upb are the potential membrane and bending strain energy, respectively.
The coupling terms between the membrane and bending contribution disappear when
integrating over the plate thickness, since the bending stresses are zero at the middle
plane of the plate and are varying linearly in the thickness direction.
6.1.2 Potential bending strain energy
By substituting Hooke’s law into the bending part of Eq. 51 and then integrating this
contribution over the plate thickness, the elastic strain energy contribution from bending
of the plate can be written as [20]
Upb =
D
2
∫ b
0
∫ L
0
(
(w,xx + w,yy)
2 − 2(1− ν)(w,xxw,yy − w
2
,xy)
)
dx dy (52)
where D = Et3/12(1− ν2) is the plate bending stiffness and t is the plate thickness. By
substituting the assumed displacement field, an analytical solution of this integral may be
derived. This energy contribution is of quadratic order in the displacement amplitudes.
Thereby, it gives a constant contribution to the incremental plate stiffness matrix since this
matrix is obtained by differentiation twice with respect to the displacement amplitudes
(Eq. 32). Consequently, it is necessary to computed this matrix only once. The bending
stiffness matrix of the plate on rate form is given in Appendix C.
6.1.3 Potential membrane strain energy
By substituting Hooke’s law into the membrane part of Eq. 51, the elastic membrane
strain energy of the plate can be written as [20]
Upm =
C
2
∫ b
0
∫ L
0
(
(ǫpmx )
2 + (ǫpmx )
2 − 2ν(ǫpmx )(ǫ
pm
y )−
1− ν
2
(γpmxy )
2
)
dx dy (53)
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where C = Et/(1 − ν2) is the extensional stiffness of the plate. By substituting the
membrane strains from Eqs. 5-7 and the assumed displacement fields into this equation,
an analytical solution of this integral may be derived. The resulting expression can be
separated into a term UpmL that is quadratic in the displacement amplitudes and a term
UpmNL that is of a higher order in the amplitudes. The membrane strain energy can then
be written as
Upm = UpmL + UpmNL (54)
The first term in Eq. 54 gives constant contribution KpmL to the total incremental plate
stiffness matrix in Eq. 32. Thus, this matrix must be calculated only once, and does
not affect the computation time significantly. The second term in Eq. 54 contributes to
the nonlinear, incremental stiffness matrix KpmNL. This matrix is dependent of the dis-
placement amplitudes and consequently, it must be calculated for every increment in the
solution propagation described in Chapter 5. Thus, this matrix affects the computational
efficiency significantly.
6.1.4 Potential energy of an external, in-plane plate load in x-direction
The potential energy of an external, in-plane load acting on the plate in the x-direction
is given by
T p,x = −ΛSx0tb∆u (55)
where Sx0 is a reference stress, ∆u = u
c is the plate shortening in the x-direction and Λ
is the load factor. Eq. 55 gives a contribution to the incremental load vector −Λ˙G. An
analytical expression for this vector is given in Appendix C.
6.1.5 Potential energy of an external lateral pressure in z-direction
The potential energy of an external lateral pressure acting on the plate in the z-direction
can be given by
T p,z = −
∫ b
0
∫ L
0
pw dx dy (56)
where p = p(x, y) is the lateral pressure. This contribution gives a constant contribution
to the incremental load vector. More details on how to include an external, lateral pressure
can be found in Byklum [28]. This load case is not included in the present report.
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6.2 Potential energy of stiffeners
6.2.1 Introduction
The potential energy of the stiffener consists of a strain energy contribution and an energy
contribution due to external stiffener loads. The potential strain energy of the stiffener
gives a contribution to the incremental stiffness matrix, and the rate form of this energy
contribution is given separately in AppendixD. In the present report, end loaded stiffeners
are not considered. However, the potential energy of external stiffener loads for a stiffener
in the x-direction is given below.
6.2.2 Potential strain energy of a stiffener parallel to the free edge
The elastic strain energy of a stiffener parallel to free edge is given by [13, 34]
Us,x =
E
2
∫ L
0
∫
As
ǫ2x dAsdx
=
EI
2
∫ L
0
z2w2,xx dx− ecEAs
∫ L
0
ǫpmx w,xx dx+
EAs
2
∫ L
0
(ǫpmx )
2 dx
(57)
where I is the moment of inertia about z = 0 (at the midplane of the plate), As is the
stiffener cross-section area and ec is the distance from the middle plane of the plate to
the centre of area of the stiffener. The integrand in Eq. 57, must be evaluated at the
stiffener location y = ys defined in Fig. 4. By substituting the strain ǫ
pm
x from Eq. 5 and
the assumed displacement field into Eq. 57, an analytical solution can be derived. In a
similar manner as for the membrane strain energy of the plate, the strain energy of the
stiffener can be separated into a term that is quadratic in the displacement amplitude
and a term of a higher order. Then, Us,x can be written as
Us,x = UsL,x + UsNL,x (58)
where UsL,x and UsNL,x give contributions to the linear, incremental stiffness matrix
KsL,x, and to the nonlinear, incremental stiffness matrix KsNL,x, respectively. These two
matrices are given in Appendix D.
The torsional stiffness of the stiffeners may be accounted for in a simplified manner
by including the St. Venant torsion energy contribution given by
UsT,x =
GJ
2
∫ L
0
w2,xydx (59)
where J is the torsion constant and G = E/2(1+ ν). The integrand must be evaluated at
the stiffener location y = ys. The strain energy due to torsion of a stiffener is quadratic
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in the displacement amplitudes. It will therefore give a contribution only to the linear
incremental stiffness matrix KsL. This contribution may be significant in conjunction
with torsionally stiff, closed stiffener profiles. In the open stiffener profile examples of the
present paper, the torsional stiffener stiffness is neglected. This is normally acceptable
for such profiles.
6.2.3 Potential strain energy of a stiffener perpendicular to the free edge
The elastic strain energy of a stiffener perpendicular to free edge is given by
Us,y =
E
2
∫ b
0
∫
As
ǫ2y dAsdy
=
EI
2
∫ b
0
z2w2,yy dy − ecEAs
∫ b
0
ǫpmy w,yy dy +
EAs
2
∫ b
0
(ǫpmy )
2 dy
(60)
In similar manner as for a stiffener parallel to the free edge, the integrand must be
evaluated at the stiffener location x = xs defined in Fig. 4. Further, this contribution can
also be separated into a term that is quadratic and a term of a higher order, and then,
Us,y can be written as
Us,y = UsL,y + UsNL,y (61)
where UsL,y and UsNL,y give contributions to the linear, incremental stiffness matrixKsL,y,
and to the nonlinear, incremental stiffness matrixKsNL,y, respectively. These two matrices
are given in Appendix D.
The torsional stiffness of the stiffeners may be accounted for in a simplified manner
by including the energy contribution (St. Venant torsion) given by
UsT,y =
GJ
2
∫ b
0
w2,xydy (62)
The integrand must be evaluated at the stiffener location x = xs.
6.3 Potential energy of external stiffener loads for a stiffener in
x-direction
The stiffeners may be end loaded (typical for continuous stiffeners) if the stiffener ends
are attached to a surrounding structure. For a continuous longitudinal stiffener parallel
to the free edge, the potential energy of the external loads can be taken according to
T s,x = −Psx∆u− Psxecw2,x + Psxecw1,x (63)
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where Psx is the resultant force (positive in compression) acting on the stiffener. In this
expression, w1,x and w2,x are the rotations of the stiffener end located at x = 0 and x = L,
respectively. The two last terms in Eq. 63 are due to the rotation of the stiffener about
the y-axis at the stiffener ends. This expression is similar to an expression for potential
energy of external stiffener loads previously given by Brubak and Hellesland [13], and by
Steen [34] for a stiffened plate with only one degree of freedom.
7 FINITE ELEMENT MODEL
For verification of the present semi-analytical model, a variety of plate and stiffener dimen-
sions have been considered. Computed results by the present model have been compared
with finite element analyses (FEA) using ANSYS [35] in which both plate and stiffeners
were modelled using Shell93 elements. In these comparisons, many different results are
studied, including load-displacement curves, displacement plots for a given load, internal
stresses and elastic buckling stress (eigenvalue) limit (ESL). In addition, introductory
investigation of ultimate strength limit (USL) predictions are presented.
In the cases studied, the finite element model is supported in the out-of-plane direction
along three edges and it has one edge being free or provided with an edge stiffener. In the
same manner as for the proposed model, the plate is subjected to an external axial stress
at the two opposite, supported edges, perpendicular to the free edge. The supported edges
are forced to remain straight during deformation, and further, the loaded edges remain
parallel. The plate is also supported in the in-plane directions, just enough to prevent
rigid body motions. In the cases studied, the ends of the stiffeners are completely free
and they are not subjected to any external loads.
In the presented results, the number of degrees of freedom used in ANSYS for a
stiffened plate is typically about 15000, which is believed to be a sufficiently large num-
ber to ensure satisfactory results. A typical element mesh is shown later (Fig. 19(b)).
Probably, sufficient accuracy could have been obtained with fewer degrees of freedom in
the finite element model. In comparison, 259 degrees of freedom are used in the proposed
model in all cases.
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8 LOAD-DISPLACEMENT RESULTS
8.1 Introduction
The present method has been implemented into a FORTRAN computer program, and
numerical results obtained by the method have been compared with finite element analyses
results from ANSYS for a variety of cases. The load-deflection response for elastic plates
computed by the present method is compared with those obtained by large deflection,
finite element analysis using ANSYS.
The present load-deflection results are computed without accounting for material yield-
ing, and the response curves are arbitrarily terminated when the external stress Sx reaches
the yield stress fY = 235 MPa. The adopted elastic material properties in each compu-
tation are Young’s modulus E = 208000 MPa and Poisson’s ratio ν = 0.3.
The imperfection shape is taken equal to the first eigenmode of the plate also in the
nonlinear ANSYS element analyses. For verification purposes, the specified maximum
amplitude is taken equal to w0,spec = 5mm both in the proposed model and ANSYS.
In the analysis by the present model, the total number of degrees of freedom is defined
by the number of terms in the assumed displacement fields as given by Eq. 19. The
chosen number of terms in each displacement field is
Mwa = 1, Mwb = Nwb = 6, Mua = Mub = Nub =Mva =Mvb = Nvb = 10 (64)
which results in 259 degrees of freedom. Convergence test have shown that these degrees
of freedom give satisfactory results for the plates studied. In these cases, the most severe
test case with respect to the number of degrees of freedom is a plate with two regular
stiffeners and a stiffened free edge. If plates with more than three stiffeners or plates with
clamped edges are analysed, it may be necessary to increase the number of the degrees of
freedom.
The present model is also able to analyse plates with simple supports at all four edges,
simply by setting Mwa = Mua = Mva = 0. This can be done directly in the FORTRAN
computer code. The edge located at y = b will then be simply supported and forced to
remain straight during deformation.
As mentioned above, the choice of the number of degrees of freedom will affect the
computation time. Another parameter that affects the computation efficiency of the
present model, is the incremental step size ∆η. A rather small value of ∆η = 0.04 is
used in the present comparisons with ANSYS results. This value has been found to be
satisfactory in previous investigations [13].
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First in this section, unstiffened plates with a free edge is studied, and next, plates at
which the free edge is stiffened with a single edge stiffener. At last, results for plates with
two regular stiffeners oriented in the x-direction and a stiffened free edge are presented.
In addition, similar comparisons between results by the present model (with the input
values mentioned above) and by ANSYS have been made for unstiffened plates with
simple supports at all the edges, and good agreement was achieved. Those results are not
included in the present report.
8.2 Unstiffened plates with a free edge
Unstiffened plates with three simply supported edge and one free edge are analysed, and
results are presented for four typical cases with plate geometries and dimensions defined
in Fig. 6. These plates have intermediate to relatively large slenderness values in order to
study cases with rather nonlinear load-displacements curves. These represent relatively
severe test cases for the present model.
The displacement shapes of the plates computed by ANSYS and by the present model
are very similar. A typical case is shown in Fig. 7(a) and (b), in which the additional
out-of-plane displacements fields w are plotted for Plate 1 subjected to an external stress
Sx = fy. Similar comparisons of the in-plane displacement fields in the x- and y-direction
have also been made. Again, the results, not included in the present report, are very
similar to each other.
In Figs. 8-11, response curves are shown in which the external stress Sx is plotted both
versus the end shortening ∆x and versus the additional out-of-plane displacement wme at
the midlength of the free edge. The results are given in a non-dimensional form. In the
figures, t is the plate thickness, fY the yield stress and ǫY = fY /E (= 0.00113) is the yield
strain. The agreement between the response curves computed by the present model (thick
solid curves) and by ANSYS (open dots) is good. It can be seen that the curves obtained
by the present model is slightly to the non-conservative side. By increasing the number of
terms (degrees of freedom) in the displacement fields, the agreement will improve slightly.
However, the present discrepancy is considered as acceptable. The end shortening ∆x is
the reduction of the distance between two opposite edges and it can be considered as a
“global displacement”, while the out-of-plane displacement wme is a “local displacement”
at the midlength of the free edge. Consequently, it is expected that the agreement between
the present model and ANSYS generally is better for the load-shortening curves than for
the load-deflection curves. This will especially be true for stiffened plates, as will be seen
later.
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Plate 4 2000 1000 30
Figure 6: Overview and dimensions [mm] of unstiffened plates with a free edge.
(a) (b)
Figure 7: The bending mode of Plate 1 subjected to an external load Sx = fY computed
(a) by the present model and (b) by ANSYS.
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Figure 8: (a) Load-shortening and (b) load-deflection curves of Plate 1 (slender plate)
subjected to a uniaxial load Sx.
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Figure 9: (a) Load-shortening and (b) load-deflection curves of Plate 2 (slender plate)
subjected to a uniaxial load Sx.
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Figure 10: (a) Load-shortening and (b) load-deflection curves of Plate 3 (moderately
slender plate) subjected to a uniaxial load Sx.
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Figure 11: (a) Load-shortening and (b) load-deflection curves of Plate 4 (slender plate)
subjected to a uniaxial load Sx.
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Plate 8 2000 1000 30 165 10
Figure 12: Overview and dimensions [mm] of plates with a free edge provided with an
eccentric, flat bar edge stiffener of height h = 150 mm.
The relative elastic buckling stress (eigenvalue) limit (ESL) computed by the present
model is also included in the figures (the horizontal dash-dotted lines). This stress level
(Sx/fY ) gives an indication of the plate slenderness. The corresponding first eigenmode
computed by ANSYS and by the present model is quite similar, and as mentioned before,
this mode is used as the imperfection shape. When the external stress is close to the
elastic buckling stress limit, it can be seen by inspection of the load-shortening curves
that the in-plane plate stiffness is reduced. For these load levels, the slope of the load-
deflection curves is smallest and the change in the out-of-plane displacements is largest.
For external loads far above the ESL value, the slope of the load-deflection curves will
actually increase which can be seen in Fig. 8(b). This behaviour is due to nonlinear
membrane effects, and is typical for slender plates with large out-of-plane displacements.
8.3 Plates with a stiffened free edge
The unstiffened plates with three simply supported edges and one free edge, in the previous
section, were relatively slender. A usual and effective way to increase the stiffness and
strength of a plate with a free edge is to provide the edge with an edge stiffener. If this
edge stiffener is strong enough to prevent out-of-plate displacements, the plate will almost
behave as a simply supported plate. In this section, four plates with an edge stiffener
will be studied, and results by the present model will be compared with ANSYS results.
An overview of the plates and the plate dimensions are given in Fig. 12. The dimensions
of the plates alone are the same as for the unstiffened plates (Plate 1-4) in the previous
section. But now, an eccentric, flat bar stiffener is attached to the free edge in each case.
The height of the stiffener web itself is 150 mm.
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Figure 13: (a) Load-shortening and (b) load-deflection curves of Plate 5 (slender plate)
subjected to a uniaxial load Sx.
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Figure 14: (a) Load-shortening and (b) load-deflection curves of Plate 6 (non-slender
plate) subjected to a uniaxial load Sx.
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Figure 15: (a) Load-shortening and (b) load-deflection curves of Plate 7 (non-slender
plate) subjected to a uniaxial load Sx.
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Figure 16: (a) Load-shortening and (b) load-deflection curves of Plate 8 (non-slender
plate) subjected to a uniaxial load Sx.
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In Figs. 13-16, similar response curves to those presented above for unstiffened plates
are presented for the four plates with a stiffened free edge. It can be seen that the
agreement between the results of the present model and ANSYS is good. The location of
the out-of-plane displacement wme is at the midlength of the stiffened edge. Compared to
the unstiffened plates, the out-of-plane displacement wme is now much smaller than for
the corresponding unstiffened plate with the same plate dimensions. The bending modes
are predominantly local in which the largest out-of-plane displacements are located in the
interior plating.
In the figures, the agreement is generally better for the load-shortening curves (Sx−∆x)
than for the load-deflection curves (Sx−wme). As mentioned before, this is to be expected
since ∆x is a global displacement and wme is a local displacement. This is especially the
case for plates with relatively stiff edge stiffeners nearly preventing completely out-of-
plane displacements, such as for instance, in Fig. 13(b), where there is a clear difference
between the model and ANSYS results. For this plate, the out-of-plane displacements are
largest in the interior of the plate. The out-of-plane displacement wme at the stiffened
edge is therefore not a particularly good parameter for comparison in such cases when
the comparisons are between very small values. The overall out-of-plane bending shape
computed by the present model and by ANSYS have also been compared, and found to
be very similar. The agreement is better for the out-of-plane displacement in the interior
of the plate.
For information, the plate stiffness and the elastic buckling stress, computed by the
present model and denoted by SEx is also included in the figures. For the plates in Figs.
13-16, the elastic buckling stress limit (ESL) is much larger than that computed previously
for the unstiffened plates. For Plate 6, 7 and 8, the elastic buckling stress is not reached
before the external stress becomes equal the yield stress fY .
8.4 Plates with two regular stiffeners and a stiffened free edge
Similar results to those presented for the plates in the two previous sections, have been
obtained for four plates with a free edge stiffened by an edge stiffener and two regular
stiffeners. The stiffener profiles are eccentric flat bars. An overview of the plate and
dimensions are given in Fig. 17. Compared to the stiffener dimensions for the plates
above with one stiffener, the stiffener height for present Plate 9-12 is smaller in order
to study cases with a global bending behaviour. In these four cases, the height of the
stiffener web itself is 50 mm. The fifth Plate 13 is provided with stiffeners with a web
height equal to 100 mm, and it will be shown that the bending mode for this plate is a
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Plate 12 2000 1000 30 65 10
Plate 13 1000 1000 12 106 10
Figure 17: Overview and dimensions [mm] of plates with a free edge provided with three
eccentric, flat bar stiffeners of height h = 50 mm for Plates 9-12 and h = 100 mm for
Plate 13.
combination of a local and a global bending mode.
Also for these plates, the bending modes of the plates computed by ANSYS and by
the present model are very similar. A typical case of a global bending mode is shown
in Fig. 18(a) and (b), in which the additional out-of-plane displacements w are plotted
for Plate 9 subjected to an external stress Sx = fy. In this case, the stiffeners are not
strong enough to prevent large plate deflections along the stiffeners. In Fig. 19(a) and
(b), similar plots are shown for Plate 13. It can be seen that the bending mode in this
case, is a combination of a global and a local bending mode.
For Plates 9-13, the load-shortening and the load-deflection curves are presented in
Figs. 20-24. The agreement between the present model and ANSYS results is seen to
be good, except maybe for the load-deflection curve of Plate 13 presented in Fig. 24(b).
The displacement wme is a local displacement at the midlength of the stiffened edge,
and as mentioned before, it is not a particularly good parameter for comparison in cases
when the comparisons are between very small values. This is the case for this plate,
since the displacement wme is rather small due to the relatively stiff stiffeners partly
preventing out-of-plane displacements. However, the results are conservative compared
to the ANSYS results, and the comparison is the most conservative case observed by the
present model. Moreover, the load-shortening curve computed for Plate 13 by the present
model in seen (Fig. 24(a)) to be in good agreement with ANSYS. The end shortening
∆x in that response curve can be considered as a global displacement, and consequently
better agreement was to be expected.
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(a) (b)
Figure 18: The bending mode (predominantly global) of Plate 9 subjected to an external
load Sx = fY computed (a) by the present model and (b) by ANSYS.
(a) (b)
Figure 19: The bending mode (combined global and local) of Plate 13 subjected to an
external load Sx = fY computed (a) by the present model and (b) by ANSYS.
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Figure 20: (a) Load-shortening and (b) load-deflection curves of Plate 9 (non-slender
plate) subjected to a uniaxial load Sx.
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Figure 21: (a) Load-shortening and (b) load-deflection curves of Plate 10 (non-slender
plate) subjected to a uniaxial load Sx.
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Figure 22: (a) Load-shortening and (b) load-deflection curves of Plate 11 (non-slender
plate) subjected to a uniaxial load Sx.
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Figure 23: (a) Load-shortening and (b) load-deflection curves of Plate 12 (moderately
slender plate) subjected to a uniaxial load Sx.
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Figure 24: (a) Load-shortening and (b) load-deflection curves of Plate 13 (non-slender
plate) subjected to a uniaxial load Sx.
9 STRESS AND STRENGTH PREDICTIONS
9.1 Introduction
The main emphasis of the present study has been to develop a model for displacement
and stress predictions of stiffened plates with a free edge that may be provided with an
edge stiffener. In addition, introductory investigations of ultimate strength limit (USL)
predictions computed by the present model are considered. In those investigations, first
yield of the von Mises’ membrane stress is used as a strength criterion. These investig-
ations indicate that it may be necessary with a more in-depth study of various strength
criteria, in particular, for unstiffened plates with a free edge.
Due to the limited time frame, the investigations of stress and strength predictions
are limited to such unstiffened plates. A more extensive study is required for stress and
strength predictions of plates provided with stiffeners.
For each plate studied below, input parameters, including material properties, imper-
fection amplitude, etc., are given in Section 8.1.
9.2 Internal stress computations
In the results presented above (Chapter 8), load-displacement curves computed by the
present model were verified by comparisons with finite element analysis results. In the
present section, the accuracy of the internal stresses computed by the present model is
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Figure 25: (a) Nodal solutions of the von Mises’ membrane stresses computed by ANSYS
for Plate 2 subjected to an external stress Sx = fY , with a coupling prescribing linear
in-plane edge displacements and (b) the similar stress plot without such coupling.
investigated. It is important that the internal stresses are computed with satisfactory
accuracy, if these stresses are to be used for instance in criteria for stress limitations or
in ultimate strength predictions.
In the present model, the in-plane displacements along the supported edges vary lin-
early. The effect of this restriction on the internal stresses, has been studied using finite
element analyses. In these analyses, two elastic element models with different boundary
conditions are studied. Both element models have the same properties as described in
Chapter 7, but in one of the models, there are couplings between the nodes in order to
prescribe linearly varying in-plane edge displacements along the three simply supported
edges. The element model with prescribed linearly varying in-plane edge displacements
is referred to as “ANSYS model 1”, and the other model is referred to as “ANSYS model
2”.
From the finite element analyses, it was found that the maximum von Mises’ mem-
brane stress at a specified load level is smallest for the plate with linearly varying edge
displacements. This is illustrated in Fig. 25 for Plate 2 subjected to an external in-plane
stress Sx = fY , at which the nodal solution of the von Mises’ membrane stress computed
by ANSYS is shown. The maximum von Mises’ membrane stress is about 628 MPa for
“ANSYS model 1” and, in comparison, it is about 654 MPa for “ANSYS model 2”. The
stress level in both cases is unrealistically large, and the stress plots in the figure are only
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Figure 26: Elastic buckling stress limits (ESL) and applied in-plane uniaxial stresses
causing first yield of the von Mises’ membrane stress for (a) a quadratic plate and (b) a
rectangular plate.
included in order to illustrate the effect of prescribed linearly varying edge displacements
on the internal stresses.
In the context of strength predictions, the maximum von Mises’ membrane stress will
generally not exceed the yield strength. For such stress levels, the difference in stresses
of the two element models is not large. This is illustrated in Fig. 26 in which the applied
in-plane stress causing first yield of the von Mises’ membrane stress is plotted both for
“ANSYS model 1” (crosses) and for “ANSYS model 2” (squares). These curves are
obtained by varying the plate thickness for both a quadratic plate (L = b = 1000 mm) in
Fig. 26(a) and a rectangular plate (L = 2b = 2000 mm) in Fig. 26(b). It can be seen that
the results computed by “ANSYS model 1” and “ANSYS model 2” are close to each other.
This means that the effect of specifying linearly varying in-plane edge displacements on
the internal stresses is rather small for the stress levels causing first yield of the von Mises’
membrane stress.
In the figure, similar results computed by the present model are included (thick solid
curves). The agreement between the model results and the corresponding finite element
analysis results is good. Similar results have also been obtained for other plate dimen-
sions, and good agreement is also achieved in these cases. This demonstrates that the
internal stresses by the present model is computed with satisfactory accuracy. The model
results, representing the applied in-plane stress causing first yield of the von Mises’ mem-
brane stress, are approximate ultimate limit strength (USL) predictions. Such strength
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predictions will be discussed in more detail in the section below.
Elastic buckling stress limit (ESL) results computed by the present model (thin solid
curve) and by ANSYS (open dots) are also included in Fig. 26. It can be seen that the
agreement between the model and ANSYS results is good. As mentioned previously, the
ESL results give an indication of the plate slenderness.
9.3 Strength predictions
9.3.1 Fully nonlinear finite element analysis
It is widely accepted that fully nonlinear finite element analyses, including both geomet-
rical and material nonlinearities, predict the ultimate strength limit (USL) of stiffened
plates with high numerical accuracy. In such analysis, the plate response is traced and
the USL is reached when the external loads reach a maximum value (limit point).
Due to increasing out-of-plane displacements in analysis of imperfect, stiffened plates
subjected to in-plane loads, stresses are redistributed from the interior of the plate to the
parts with the largest stiffness. These parts are at the supported edges and, in addition,
at the stiffeners in local bending cases. The stiffest parts are the critical parts of the plate,
since when the cross-section capacity of these parts are exhausted the plate will usually
collapse.
The stress redistribution is caused by both geometrical and material nonlinearities.
Due to geometrical nonlinear effects, membrane stresses are redistributed from the interior
of the plate to the critical parts. In addition, bending about the midplane of the plate may
cause yielding in the interior portions of the plate in cases with significant out-of-plane
displacements and thus significant bending stress. In such cases, with material nonlinear
effects, additional stresses must be redistributed to the critical parts.
9.3.2 Previous strength criteria
Strength criteria can be used in combination with the incremental postbuckling procedure
outlined above (Chapter 5) to predict the ultimate strength of stiffened plates with a free
edge that may be provided with an edge stiffener. Typically, such strength criteria are
applied in the critical parts of the plate. As mentioned above, the critical parts are the
parts of the plate with the largest stiffness, and when the capacity of the critical parts is
exhausted, no more stresses can be redistributed. Then, an additional in-plane loading
cannot be applied without causing collapse.
In previous studies [12, 28], first yield of the von Mises’ membrane stress was used as
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a strength criterion for regularly stiffened and unstiffened, simply supported plates. For
such plates, it was found that this criterion applied at the critical parts of the plate gave
good agreement with fully nonlinear finite element analysis in most cases.
For irregularly stiffened, simply supported plates, various strength criteria were in-
vestigated in Brubak and Hellesland [36]. For such plates, it was found that the bending
stresses at the critical parts are important for the ultimate strength. In order to ac-
count for this, strength criteria with these bending stresses included, were studied. Good
agreement with fully nonlinear finite element analysis was achieved in most cases.
The criteria for irregularly stiffened, simply supported plates can also be used for
regularly stiffened and unstiffened, simply supported plates subjected to in-plane loads.
For such plates, the bending stresses at the critical parts are normally small (or zero).
Then it makes little difference whether the bending stresses are included in the strength
criterion or not, and it is first yield of the von Mises’ membrane stress that is most relevant
as a strength criterion.
Bending stresses in the interior of the plate may in some cases, have some influence on
the ultimate strength. This is typical for cases with large bending stresses in the interior
of the plate, which result in yielding and subsequent additional redistribution of stresses
to the critical parts. In Byklum and Amdahl [12], it was found that the bending stresses
and resulting yielding in the interior of the plate are important for strength predictions
of long, simply supported plates subjected to predominant loading on the long edges,
as illustrated in Fig. 27(a). For these load cases, such plates can have relatively large
slenderness values, although the plate is rather thick, causing large displacements and
bending stresses. For such cases, it may be rather non-conservative to neglect material
yielding due to bending in the interior plate.
For plates with a free edge, as illustrated in Fig. 27(b), the interior bending stresses
may be important for the ultimate strength in the same manner as for the long, simply
supported plates discussed above. Some introductory investigations on strength predic-
tions of plates with a free edge are presented in the section below.
9.3.3 Strength prediction results
Calculated ultimate strength limit (USL) results are examined for selected unstiffened
plates with three simply supported edges and one free edge. For such plates, the bending
stresses along the edges (critical parts) are zero, and then the strength criteria mentioned
above and discussed in detail elsewhere [36] are identically equal to the criterion for first
yield of the von Mises’ membrane stress. It is this criterion that is used in the USL
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(a) (b)
Figure 27: (a) Illustration of the bending mode for a long simply supported, unstiffened
plate subjected to in-plane stresses at the long edges and (b) the same for a uniaxially
loaded unstiffened plate with a free edge.
predictions by the present model.
Computed USL predictions by the present model are compared to those obtained by
fully nonlinear element analysis using ANSYS. The ANSYS analysis is performed with
bilinear stress-strain relationship having the same material properties E, ν and fY as
above (Section 8.1), and additionally, a hardening modulus ET = 1000 MPa.
In Fig. 28, analysis results are presented for both quadratic and rectangular plates
with various thicknesses. These plates are identical to those studied above in conjunction
with the investigation of the internal stresses. Thus, the ESL results by the present
model (thin solid curves) and by ANSYS (open dotes) shown in figure are equal to those
in Section 9.2.
In the figure, USL predictions by the present method (thick, full curves) are shown.
These are the same USL model results as presented in Section 9.2. The USL model results
are now compared with USL predictions obtained by fully nonlinear element analysis using
ANSYS (filled dots). It can be seen that the agreement is relatively good for the most
slender plates. More specifically, good agreement is achieved for the quadratic plates with
thickness smaller than about 20 mm (t/b < 0.02) and for the rectangular plates with
thickness smaller than about 30 mm (t/b < 0.03). For intermediate and rather thick
plates, it can be seen that the results computed by present method with first yield of
the von Mises’ membrane stress as the strength criterion are non-conservative compared
to the USL ANSYS results. The USL results computed by the model and ANSYS will
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Figure 28: Elastic buckling stress limits (ESL) and ultimate strength limits (USL) for (a)
a quadratic plate and (b) a rectangular plate.
converge as the plate thickness becomes large, i.e., as the results approach the “squash
load” (Sx = fY ).
In the region with the greatest discrepancy (intermediate slenderness and rather thick
plates), the bending stresses in the interior of the plate are rather important for the
ultimate strength. As mentioned above, material nonlinear effects are accounted for in
the ANSYS analysis, and stresses in the interior plate are redistributed due to yielding
caused by bending about the midplane of the plate. These effects are not accounted
for in the present model, and the results become non-conservative in cases with large
bending stresses, which is typical for intermediate to rather thick, unstiffened plates with
a free edge. This indicates that it may be necessary to establish a strength criterion that
accounts for these stresses. For instance, a criterion for stress limitation of the bending
stresses in the interior of the plate.
In the present strength predictions, both slender and thick, unstiffened plates with
a free edge were studied by varying the plate thickness. In such analysis, the effect of
increasing the plate thickness on the ultimate strength can be studied. However, in a
design situation, it is more common and more effective to use stiffened plates, instead of
using thick, unstiffened plates, in order to achieve the required strength. For stiffened
plates, the out-of-plane displacements and the bending stresses in the interior of the
plate are usually not so large as for unstiffened plates with a free edge, and then, better
agreement between the present method and finite element analysis is expected.
However, for global bending cases of the stiffened plates, the bending stresses in the
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stiffeners may cause yielding, which usually will affect the ultimate strength. In Brubak
and Hellesland [36], this plasticity is reflected quite well in a simplified manner by reducing
the stiffness (removing area) of the stiffener. This simplified treatment of plasticity is not
dependent on the boundary conditions, and it is expected that good results also will be
achieved for stiffened plates with free edge provided with an edge stiffener.
9.3.4 Future work
In order to establish strength criteria that account for the bending stresses in the interior
plate, more extensive investigations must be performed. The time frame available did not
allow for in-depth investigations and this may be a topic for future work. In addition,
it is necessary to study stress and strength predictions of stiffened plates for a variety of
plate and stiffener dimensions. For strength analysis of stiffened plates with a free edge,
the simplified treatment of plasticity [36] in a stiffener mentioned above may be applied.
However, this implies a rather extensive verification study by comparisons with fully finite
element analysis.
10 CONCLUDING REMARKS
An efficient computational model is presented for large deflection postbuckling analysis
of imperfect, stiffened plates with an edge being free or provided with an edge stiffener.
The applicability of the present method is documented for several cases by comparison
with finite element analysis results using ANSYS. The model is able to trace the plate
response beyond the elastic buckling load. It is able to capture both local and global
displacement modes as well as the asymmetric global bending behaviour of plates with
eccentric stiffeners. Due to the computational efficiency of the present model, it is also
suited for design optimisation and reliability studies that normally require large number
of case studies.
Introductory studies of ultimate strength limit (USL) predictions by the present model
are presented. In these studies, first yield of the von Mises membrane stress was used
as strength criterion. Preliminary results indicate that this strength criterion may be
somewhat non-conservative for thick, unstiffened plates with a free edge. Alternative
criteria for such cases are possible topics for further study.
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A Subdivision of matrices and vectors
In the solution procedure outlined in Chapter 5, the incremental stiffness matrix K in Eq. 33
must be computed. For each displacement component (u, v,w), this matrix is divided into
submatrices, and it can be written as
K =


Kuu Kuv Kuw
Kvu Kvv Kvw
Kwu Kwv Kww

 (65)
Further, the submatrices (Kuu, Kuu, etc.) are subdivided into new submatrices corresponding
to the displacement assumptions (Section 4.1) previously labelled with super indexes ’a’, ’b’ and
’c’, and they can be written as
Kuu =


Kuaua Kuaub Kuauc
Kubua Kubub Kubuc
Kucua Kucub Kucuc

 , Kvv =


Kvava Kvavb Kvavc
Kvbva Kvbvb Kvbvc
Kvcva Kvcvb Kvcvc

 (66)
Kww =
[
Kwawa Kwawb
Kwbwa Kwbwb
]
, Kuv = K
T
vu =


Kuava Kuavb Kuavc
Kubva Kubvb Kubvc
Kucva Kucvb Kucvc

 (67)
Kuw=K
T
wu=


Kuawa Kuawb
Kubwa Kubwb
Kucwa Kucwb

 , Kvw=KTwv=


Kvawa Kvawb
Kvbwa Kvbwb
Kvcwa Kvcwb

 (68)
The submatrices (Kuaua, Kuaub, etc.) obtained in the subdivision for each displacement field
are computed by differentiation of the strain energy contributions, twice with respect to the dis-
placement amplitudes (Eq. 32) . For instance, the linear plate membrane stiffness contribution
of Kuava is obtained by the expression
K
pmL
uava =
∂2UpmL
∂uaf∂v
a
p
=


∂2UpmL
∂ua
1
∂va
1
. . .
∂2UpmL
∂ua
1
vaNva
...
...
∂2UpmL
∂uaNua∂v
a
1
. . .
∂2UpmL
∂uaNuav
a
Nva


(69)
The two first subscripts (ua) of the matrix KpmLuava indicate the displacement field ua (Eq. 13)
and the two last subscripts (va) indicate the displacement field va (Eq. 16). The size of this
matrix is equal to Nua×Nva, where Nua and Nva are the number of terms in the displacement
fields ua and va, respectively. A more detailed overview of the composition of the submatrices
is given in Appendix B. The expressions for all the submatrices are given in Appendix C and
D.
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In a similar manner as for the incremental stiffness matrix, the incremental load vector
−Λ˙G is divided into subvectors for each displacement component (u, v,w) as given in Eq. 37.
Alternatively, it can be written as
−Λ˙GT = −Λ˙[GTu ,G
T
v ,G
T
w] (70)
These subvectors are subdivided for each displacement field (with super indexes ’a’, ’b’ and ’c’),
and they can be written as
−Λ˙GTu = −Λ˙
[
G
T
ua,G
T
ub,G
T
uc
]
, −Λ˙Gv
T = −Λ˙
[
G
T
va,G
T
vb,G
T
vc
]
, −Λ˙Gw
T = −Λ˙
[
G
T
wa,G
T
wb
]
(71)
The subvectors (−Λ˙Gua, −Λ˙Gub, etc.) obtained in the subdivision for each displacement field
are computed by differentiation of the potential energy of the external loads, with respect to
the displacement amplitudes and the load factor (Eq. 32). For instance, the plate contribution
of the subvector −Λ˙Gua for a load applied at the plate edge in x-direction is obtained by the
expression
−Λ˙Gpua = −Λ˙
∂2T p,x
∂uaf∂Λ
= −Λ˙


∂2T p,x
∂ua
1
∂Λ
...
∂2T p,x
∂uaNua∂Λ


(72)
All the subvectors of the incremental load vector of the plate are given in Appendix C.
B Composition of submatrices and subvectors
According to the principle of stationary potential energy, equilibrium requires that the total
potential energy Π = U + T , has a stationary value. This requirement on rate form, δΠ˙ =
δU˙ + δT˙ = 0, leads to the Ndof ×Ndof equations given by
∂Π˙
∂di
=
∂
∂η
∂Π
∂di
= Kij d˙j +GiΛ˙ = 0 (73)
where
Kij =
∂2Π
∂di∂dj
and Gi =
∂2Π
∂di∂Λ
(74)
In the expression above (Eq. 73), the index notation with the Einstein summation rule for
repeated indexes is adopted. However, after substituting the potential energy into Eq. 73, the
summation symbol (
∑
) is used instead of Einstein summation rule for the convenience of
the reader.
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The composition of the submatrices and subvectors is explained by an example where
the chosen matrixKsL,yvawb will be built. In line with Eqs. 73-74, this matrix can be obtained
by the expression
KsL,yvawbw˙
b =
∂2UsL,y
∂vaf∂w
b
pq
w˙bpq (75)
where UsL,y is a stiffener strain energy contribution that is quadratic in the displacements.
The composition of this submatrix represents a difficult example, since the displacement
amplitudes for two different displacement fields va and wb and, in addition, the initial
imperfection field wa0 , are involved. In order to make it easier to distinguish between
the indexes used for the rows and the columns, the product of the submatrix and the
displacement rate subvector is given. By substituting UsL,y into Eq. 75, this can be
written as
KsL,yvawbw˙
b =
∂2UsL,y
∂vaf∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
ecEAs
(
qπ
b
)2
1
b
Isq cos(
fπ
L
xs)sin(
pπ
L
xs)w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
wb0mqEAs
(
qπ
b
)2
1
2
cos(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)w˙
b
pq
(76)
where ’f ’ indicates the row number (f = 1, 2, ...,Mva), and ’p’ and ’q’ indicate the column
number ([p, q] = [1, 1], [1, 2]..., [Mwb, Nwb]). Thus, the total number of rows is Mva and the
total number of columns is MwbNwb, and the size of the matrix is Mva ×MwbNwb. The
matrix alone can be written as
KsL,yvawb =
∂2UsL,y
∂vaf∂w
b
pq
=ecEAs
(
qπ
b
)2
1
b
Isq cos(
fπ
L
xs)sin(
pπ
L
xs)
+
Mwb∑
m=1
wb0mqEAs
(
qπ
b
)2
1
2
cos(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)
(77)
All the expressions for the submatrices and subvectors are given in Appendix C and
D. The composition of these expressions is similar to the example given above. Thus,
the row number is indicated by ’f ’ for a corresponding displacement amplitude with one
subscript (f = 1, 2, ...), and by ’f ’ and ’g’ for a corresponding displacement amplitude
with two subscripts ([f, g] = [1, 1], [1, 2]...). In a similar manner, ’p’ and ’q’ are used to
indicate the column number.
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C Rate form of energy contributions of the plate
C.1 The generalised, incremental membrane stiffness matrix
Kpm
C.1.1 Introduction
The generalised, incremental membrane stiffness matrix Kpm is divided into the sub-
matrices given below. In the solution procedure for postbuckling analysis described in
Chapter 5, Kpm must be added to the generalised, incremental stiffness matrix K given
in Eq. 41.
In the expressions below, the integrals are replace with simplified expressions (Ism, I
cs
mn,
etc). For instance,
Ism =
∫ b
0
sin(
mπ
b
y) dy =
b
mπ
[1− (−1)m] (78)
is introduced. The expressions for all the integrals can be found in Appendix F . In
addition , the Kronecker delta defined by
δij =
{
1 if i = j
0 otherwise
(79)
is used. Details on how to build the matrices is given in Appendix A and B.
C.1.2 Definition of the KpmLuu -matrix
The matrix KpmLuu is symmetrical, and the size of this matrix is (Mua +MubNub + 1) ×
(Mua +MubNub + 1). The matrix is a constant contribution and consists of the sub-
matrices given in index notation in the following expressions
KpmLuauau˙
a =
∂2UpmL
∂uaf∂u
a
p
u˙ap =
Mua∑
p=1
C
[(
fπ
L
)2
b
3
L
2
+
1− ν
2
1
b
L
2
]
δfpu˙
a
p (80)
KpmLububu˙
b =
∂2UpmL
∂ubfg∂u
b
pq
u˙bpq =
Mub∑
p=1
Nub∑
q=1
C
[(
fπ
L
)2
+
1− ν
2
(
gπ
b
)2]
Lb
4
δfpδgqu˙
b
pq (81)
KpmLucucu˙
c =
∂2UpmL
∂uc∂uc
u˙c = C
b
L
u˙c (82)
KpmLuaubu˙
b =
∂2UpmL
∂uaf∂u
b
pq
u˙bpq =
Mub∑
p=1
Nub∑
q=1
C
(
fπ
L
)2
L
2
Iysq δfpu˙
b
pq (83)
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KpmLubuau˙
a =
∂2UpmL
∂ubfg∂u
a
p
u˙ap =
Mua∑
p=1
C
(
fπ
L
)2
L
2
Iysg δfpu˙
a
p (84)
KpmLuauc = 0, K
pmL
ucua = 0, K
pmL
ubuc = 0, K
pmL
ucub = 0 (85)
In these expressions, the matrices KpmLuaua and K
pmL
ubub are diagonal matrices.
C.1.3 Definition of the KpmLuv -matrix
The size of the matrix KpmLuv is (Mua +MubNub + 1) × (Mva +MvbNvb + 1). The matrix
is a constant contribution and consists of the submatrices given in index notation in the
following expressions
KpmLuavav˙
a =
∂2UpmL
∂uaf∂v
a
p
v˙ap =
Mva∑
p=1
C
fπ
L
L
4
3ν − 1
2
δfpv˙
a
p (86)
KpmLuavbv˙
b =
∂2UpmL
∂uaf∂v
b
pq
v˙bpq =
Mvb∑
p=1
Nvb∑
q=1
C
[
ν
fπ
L
qπ
b
Iycq I
cs
fp +
1− ν
2
pπ
L
1
b
Isq I
cs
pf
]
v˙bpq (87)
KpmLubvav˙
a =
∂2UpmL
∂ubfg∂v
a
p
v˙ap =
Mva∑
p=1
C
[
ν
fπ
L
1
b
L
2
Isg −
1− ν
2
fπ
L
gπ
b
L
2
Iycg
]
δfpv˙
a
p (88)
KpmLubvb v˙
b =
∂2UpmL
∂ubfg∂v
b
pq
v˙bpq =
Mvb∑
p=1
Nvb∑
q=1
C
[
ν
fπ
L
qπ
b
IcsfpI
cs
qg +
1− ν
2
gπ
b
pπ
L
IcspfI
cs
gq
]
v˙bpq (89)
KpmLucvc v˙
a =
∂2UpmL
∂uc∂vc
v˙c = Cνv˙c (90)
KpmLuavc = 0, K
pmL
ucva = 0, K
pmL
ubvc = 0, K
pmL
ucvb = 0 (91)
This matrix is not symmetrical, but total incremental stiffness matrix K, consisting of an
assembly of all the submatrices, is symmetrical.
C.1.4 Definition of the KpmLvu -matrix
Due to symmetry, the matrix can be given by
KpmLvu = (K
pmL
uv )
T (92)
where KpmLuv is given in Section C.1.3. The size of this matrix is (Mva +MvbNvb + 1) ×
(Mua +MubNub + 1).
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C.1.5 Definition of the KpmLvv -matrix
The matrix KpmLvv is symmetrical, and the size of this matrix is (Mva +MvbNvb + 1) ×
(Mva +MvbNvb + 1). The matrix is a constant contribution and consists of the sub-
matrices given in index notation in the following expressions
KpmLvavav˙
a =
∂2UpmL
∂vaf∂v
a
p
v˙ap =
Mva∑
p=1
C
[
1
b
+
1− ν
2
(
fπ
L
)2
b
3
]
L
2
δfpv˙
a
p (93)
KpmLvbvb v˙
b =
∂2UpmL
∂vbfg∂v
b
pq
v˙bpq =
Mvb∑
p=1
Nvb∑
q=1
C
[(
gπ
b
)2
+
1− ν
2
(
fπ
L
)2]
Lb
4
δfpδgq v˙
b
pq (94)
KpmLvcvc v˙
c =
∂2UpmL
∂vc∂vc
v˙c = C
L
b
v˙c (95)
KpmLvavb v˙
a =
∂2UpmL
∂vaf∂v
b
pq
v˙bpq = −
Mvb∑
p=1
Nvb∑
q=1
C
1− ν
2
fπ
L
pπ
L
Iysq I
cs
pf v˙
b
pq (96)
KpmLvbva v˙
a =
∂2UpmL
∂vbfg∂v
a
p
v˙ap = −
Mva∑
p=1
C
1− ν
2
fπ
L
pπ
L
Iysg I
cs
fpv˙
a
p (97)
KpmLvavc = 0, K
pmL
vcva = 0, K
pmL
vbvc = 0, K
pmL
vcvb = 0 (98)
C.1.6 Definition of the KpmLuw -matrix
The size of the matrix KpmLuw is (Mua +MubNub + 1) × (Mwa +MwbNwb). The matrix is
a constant contribution and consists of the submatrices given in index notation in the
following expressions
KpmLuawaw˙
a =
∂2UpmL
∂uaf∂w
a
p
w˙ap
=
Mwa∑
p=1
Mwa∑
m=1
wa0mC
[
fπ
L
pπ
L
mπ
L
b
4
Icccfpm +
1− ν
2
(
1
b
)2
b
2
mπ
L
Icssmfp
+ν
fπ
L
(
1
b
)2
b
2
Icssfpm +
1− ν
2
pπ
L
(
1
b
)2
b
2
Icsspfm
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnC
[
fπ
L
pπ
L
mπ
L
Iyysn I
ccc
fpm +
1− ν
2
(
1
b
)2
mπ
L
IsnI
css
mfp
+ν
fπ
L
1
b
nπ
b
Iycn I
css
fpm +
1− ν
2
pπ
L
nπ
b
1
b
Iycn I
css
pfm
]
w˙ap
(99)
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KpmLuawbw˙
b =
∂2UpmL
∂uaf∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wa0mC
[
fπ
L
pπ
L
mπ
L
Iyysq I
ccc
fpm +
1− ν
2
qπ
b
mπ
L
1
b
Iycq I
css
mfp
+ν
fπ
L
qπ
b
1
b
Iycq I
css
fpm +
1− ν
2
(
1
b
)2
pπ
L
IsqI
css
pfm
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnC
[
fπ
L
pπ
L
mπ
L
Iyssqn I
ccc
fpm +
1− ν
2
1
b
qπ
b
mπ
L
IcsqnI
css
mfp
+ν
fπ
L
qπ
b
nπ
b
Iyccqn I
css
fpm +
1− ν
2
pπ
L
nπ
b
1
b
IcsnqI
css
pfm
]
w˙bpq
(100)
KpmLubwaw˙
a =
∂2UpmL
∂ubfg∂w
a
p
w˙ap
=
Mwa∑
p=1
Mwa∑
m=1
wa0mC
[
fπ
L
pπ
L
mπ
L
Iyysg I
ccc
fpm +
1− ν
2
gπ
b
mπ
L
1
b
Iycg I
css
mfp
+ν
fπ
L
(
1
b
)2
IsgI
css
fpm +
1− ν
2
gπ
b
pπ
L
1
b
Iycg I
css
pfm
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnC
[
fπ
L
pπ
L
mπ
L
Iyssqn I
ccc
fpm +
1− ν
2
1
b
gπ
b
mπ
L
IcsgnI
css
mfp
+ν
fπ
L
nπ
b
1
b
IcsngI
css
fpm +
1− ν
2
gπ
b
pπ
L
nπ
b
Iyccgn I
css
pfm
]
w˙ap
(101)
KpmLubwbw˙
b =
∂2UpmL
∂ubfg∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wa0mC
[
fπ
L
pπ
L
mπ
L
Iyssgq I
ccc
fpm +
1− ν
2
gπ
b
qπ
b
mπ
L
Iyccgq I
css
mfp
+ν
fπ
L
qπ
b
1
b
IcsqgI
css
fpm +
1− ν
2
gπ
b
pπ
L
1
b
IcsgqI
css
pfm
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnC
[
fπ
L
pπ
L
mπ
L
IcccfpmI
sss
gqn +
1− ν
2
gπ
b
qπ
b
mπ
L
IcssmfpI
scc
ngq
+ν
fπ
L
qπ
b
nπ
b
IcssfpmI
scc
gqn +
1− ν
2
gπ
b
pπ
L
nπ
b
IsccqgnI
css
pfm
]
w˙bpq
(102)
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KpmLucwaw˙
a =
∂2UpmL
∂uc∂wap
w˙ap
=
Mwa∑
p=1
wa0pC
[
1
L
(
pπ
L
)2
Lb
6
+ ν
1
L
1
b
L
2
]
w˙ap
+
Mwawb∑
p=1
Nwb∑
n=1
wb0pnC
[
1
L
(
pπ
L
)2
Iysn
L
2
]
w˙ap
(103)
KpmLucwbw˙
b =
∂2UpmL
∂uc∂wbpq
w˙bpq
=
Mwawb∑
p=1
Nwb∑
q=1
wa0pC
[
1
L
(
pπ
L
)2
Iysq
L
2
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
wb0pqC
[
1
L
(
pπ
L
)2
+ν
1
L
(
qπ
b
)2]
Lb
4
w˙bpq
(104)
C.1.7 Definition of the KpmLwu -matrix
Due to symmetry, the matrix can be given by
KpmLwu = (K
pmL
uw )
T (105)
where KpmLuw is given in Section C.1.6. The size of this matrix is (Mwa +MwbNwb) ×
(Mua +MubNub + 1).
C.1.8 Definition of the KpmLvw -matrix
The size of the matrix KpmLvw is (Mva +MvbNvb + 1) × (Mwa +MwbNwb). The matrix is
a constant contribution and consists of the submatrices given in index notation in the
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following expressions
KpmLvawaw˙
a =
∂2UpmL
∂vaf∂w
a
p
w˙ap
=
Mwa∑
p=1
Mwa∑
m=1
wa0mC
[(
1
b
)2
Icssfpm −
1− ν
2
fπ
L
pπ
L
1
b
b
3
Icsspfm
+ν
pπ
L
mπ
L
1
b
b
3
Icccfpm −
1− ν
2
fπ
L
mπ
L
1
b
b
3
Icssmfp
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnC
[
ν
pπ
L
mπ
L
1
b
Iysn I
ccc
fpm
−
1− ν
2
fπ
L
pπ
L
nπ
b
Iyycn I
css
pfm −
1− ν
2
fπ
L
mπ
L
1
b
Iysn I
css
mfp
]
w˙ap
(106)
KpmLvawbw˙
b =
∂2UpmL
∂vaf∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wa0mC
[
ν
pπ
L
mπ
L
1
b
Iysq I
ccc
fpm
−
1− ν
2
fπ
L
pπ
L
1
b
Iysq I
css
pfm −
1− ν
2
fπ
L
qπ
b
mπ
L
Iyycq I
css
mfp
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnC
[
qπ
b
nπ
b
1
b
b
2
δqnI
css
fpm −
1− ν
2
fπ
L
pπ
L
nπ
b
Iycsnq I
css
pfm
+ν
pπ
L
mπ
L
1
b
b
2
δqnI
ccc
fpm −
1− ν
2
fπ
L
qπ
b
mπ
L
Iycsqn I
css
mfp
]
w˙bpq
(107)
KpmLvbwaw˙
a =
∂2UpmL
∂vbfg∂w
a
p
w˙ap
=
Mwa∑
p=1
Mwa∑
m=1
wa0mC
[
1− ν
2
fπ
L
pπ
L
1
b
Iysg I
scc
mfp
+ν
gπ
b
pπ
L
mπ
L
Iyycg I
scc
fpm +
1− ν
2
fπ
L
mπ
L
1
b
Iysg I
scc
pfm
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnC
[
gπ
b
nπ
b
1
b
b
2
δgnI
sss
fpm +
1− ν
2
fπ
L
pπ
L
nπ
b
Iycsng I
scc
mfp
+ν
gπ
b
pπ
L
mπ
L
Iycsgn I
scc
fpm +
1− ν
2
fπ
L
mπ
L
1
b
b
2
δgnI
scc
pfm
]
w˙ap
(108)
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KpmLvbwbw˙
b =
∂2UpmL
∂vbfg∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wa0mC
[
gπ
b
qπ
b
1
b
b
2
δgnI
sss
fpm +
1− ν
2
fπ
L
pπ
L
1
b
b
2
δgnI
scc
mfp
+ν
gπ
b
pπ
L
mπ
L
Iycsgq I
scc
fpm +
1− ν
2
fπ
L
qπ
b
mπ
L
Iycsqg I
scc
pfm
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnC
[
gπ
b
qπ
b
nπ
b
IsssfpmI
ccc
gqn +
1− ν
2
fπ
L
pπ
L
nπ
b
IsccmfpI
css
ngq
+ν
gπ
b
pπ
L
mπ
L
IsccfpmI
css
gqn +
1− ν
2
fπ
L
qπ
b
mπ
L
IsccpfmI
css
qgn
]
w˙bpq
(109)
KpmLvcwaw˙
a =
∂2UpmL
∂vc∂wap
w˙ap
=
Mwa∑
p=1
wa0pC
[(
1
b
)2
L
2
+ ν
(
pπ
L
)2
1
b
Lb
6
]
w˙ap
+
Mwawb∑
p=1
Nwb∑
n=1
wb0pnC
[
ν
(
pπ
L
)2
1
b
Iysn
L
2
]
w˙ap
(110)
KpmLvcwbw˙
b =
∂2UpmL
∂vc∂wbpq
w˙bpq
=
Mwawb∑
p=1
Nwb∑
q=1
wa0pC
[
ν
1
b
(
pπ
L
)2
Iysq
L
2
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
wb0pqC
[
1
b
(
qπ
b
)2
+ν
1
b
(
pπ
L
)2]
Lb
4
w˙bpq
(111)
C.1.9 Definition of the KpmLwv -matrix
Due to symmetry, the matrix can be given by
KpmLwv = (K
pmL
vw )
T (112)
where KpmLvw is given in Section C.1.8. The size of this matrix is (Mwa +MwbNwb) ×
(Mva +MvbNvb + 1).
C.1.10 Definition of the KpmLww -matrix
The matrix KpmLww is symmetrical, and the size of this matrix is (Mwa + MwbNwb) ×
(Mwa +MwbNwb). The matrix is a constant contribution and consists of the submatrices
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given in index notation in the following expressions
KpmLwawaw˙
a =
∂2UpmL
∂waf∂w
a
p
w˙ap
=
Mwa∑
p=1
Mwa∑
m=1
Mwa∑
r=1
wa0mw
a
0rC
[
mπ
L
rπ
L
pπ
L
fπ
L
b
5
Iccccpfmr +
1− ν
2
mπ
L
rπ
L
(
1
b
)2
b
3
Issccpfmr
+
(
1
b
)3
Isssspfmr +
1− ν
2
(
1
b
)2
pπ
L
fπ
L
b
3
Issccmrpf
+
1 + ν
2
mπ
L
pπ
L
(
1
b
)2
b
3
Issccmrpf +
1 + ν
2
mπ
L
fπ
L
(
1
b
)2
b
3
Issccprfm
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
Mwa∑
r=1
wb0mnw
a
0rC
[
2
mπ
L
rπ
L
pπ
L
fπ
L
Iyyysn I
cccc
pfmr
+(1− ν)
mπ
L
rπ
L
(
1
b
)2
Iysn I
sscc
pfmr + (1− ν)
nπ
b
pπ
L
fπ
L
1
b
Iyycn I
sscc
mrpf
+
1 + ν
2
rπ
L
nπ
b
pπ
L
1
b
Iyycn I
sscc
fmpr +
1 + ν
2
mπ
L
pπ
L
(
1
b
)2
Iysn I
sscc
frmp
+
1 + ν
2
rπ
L
nπ
b
fπ
L
1
b
Iyycn I
sscc
pmfr +
1 + ν
2
mπ
L
fπ
L
(
1
b
)2
Iysn I
sscc
prfm
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
Mwa∑
r=1
Nwb∑
s=1
wb0mnw
b
0rsC
[
mπ
L
rπ
L
pπ
L
fπ
L
Iyyssns I
cccc
pfmr +
1− ν
2
mπ
L
rπ
L
(
1
b
)2
b
2
δnsI
sscc
pfmr
+
nπ
b
sπ
b
(
1
b
)2
b
2
δnsI
ssss
pfmr +
1− ν
2
nπ
b
sπ
b
pπ
L
fπ
L
Iyyccns I
sscc
mrpf
+
1 + ν
2
mπ
L
sπ
b
pπ
L
1
b
Iycssn I
sscc
frmp +
1 + ν
2
mπ
L
sπ
b
fπ
L
1
b
Iycssn I
sscc
prfm
]
w˙ap
(113)
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KpmLwawbw˙
b =
∂2UpmL
∂waf∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwa∑
r=1
wa0mw
a
0rC
[
mπ
L
rπ
L
pπ
L
fπ
L
Iyyysq I
cccc
fpmr
+
1− ν
2
mπ
L
rπ
L
qπ
b
1
b
Iyycq I
sscc
fpmr +
1− ν
2
(
1
b
)2
fπ
L
pπ
L
Iysq I
sscc
mrfp
+
1 + ν
2
mπ
L
fπ
L
qπ
b
Iyycq I
sscc
prfm +
1 + ν
2
mπ
L
pπ
L
(
1
b
)2
Iysq I
sscc
frpm
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
Mwa∑
r=1
wb0mnw
a
0rC
[
2
mπ
L
rπ
L
pπ
L
fπ
L
Iyyssqn I
cccc
fpmr + (1− ν)
mπ
L
rπ
L
qπ
b
1
b
Iycsqn I
sscc
fpmr
2
(
1
b
)2
nπ
b
qπ
b
b
2
δqnI
ssss
fpmr + (1− ν)
nπ
b
fπ
L
pπ
L
1
b
Iycsnq I
sscc
mrfp
+
1 + ν
2
rπ
L
nπ
b
fπ
L
qπ
b
Iyyccqn I
sscc
pmfr +
1 + ν
2
rπ
L
nπ
b
pπ
L
1
b
Iycsnq I
sscc
fmpr
+
1 + ν
2
mπ
L
fπ
L
qπ
b
1
b
Iycsqn I
sscc
prfm +
1 + ν
2
mπ
L
pπ
L
(
1
b
)2
b
2
δqnI
sscc
frpm
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
Mwa∑
r=1
Nwb∑
s=1
wb0mnw
b
0rsC
[
mπ
L
rπ
L
pπ
L
fπ
L
Iysssqns I
cccc
fpmr +
1− ν
2
mπ
L
rπ
L
qπ
b
1
b
IcssqnsI
sscc
fpmr
+
nπ
b
sπ
b
qπ
b
1
b
IcccqnsI
ssss
pfmr +
1− ν
2
nπ
b
sπ
b
pπ
L
fπ
L
Iysccqns I
sscc
mrpf
+
1 + ν
2
mπ
L
sπ
b
fπ
L
qπ
b
Iysccnqs I
sscc
prfm +
1 + ν
2
mπ
L
sπ
b
pπ
L
1
b
IcsssqnI
sscc
frpm
]
w˙bpq
(114)
KpmLwbwa = (K
pmL
wawb)
T (115)
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KpmLwbwbw˙
b =
∂2UpmL
∂wbfg∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwa∑
r=1
wa0mw
a
0rC
[
mπ
L
rπ
L
pπ
L
fπ
L
Iyyssqg I
cccc
fpmr
+
1− ν
2
mπ
L
rπ
L
qπ
b
gπ
b
Iyyccqg I
sscc
fpmr
+
(
1
b
)2(
qπ
b
)2
b
2
δqgI
ssss
pfmr +
1− ν
2
(
1
b
)2
pπ
L
fπ
L
b
2
δqgI
sscc
mrfp
+
1 + ν
2
mπ
L
pπ
L
gπ
b
1
b
Iycsgq I
sscc
frpm +
1 + ν
2
mπ
L
fπ
L
qπ
b
1
b
Iycsqg I
sscc
prfm
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
Mwa∑
r=1
wb0mnw
a
0rC
[
2
mπ
L
rπ
L
pπ
L
fπ
L
Iysssqgn I
cccc
fpmr
+(1− ν)
mπ
L
rπ
L
qπ
b
gπ
b
Iysccnqg I
sscc
fpmr
+2
nπ
b
qπ
b
gπ
b
1
b
IcccqgnI
ssss
fpmr + (1− ν)
nπ
b
fπ
L
pπ
L
1
b
IcssnqgI
sscc
mrfp
+
1 + ν
2
rπ
L
nπ
b
pπ
L
gπ
b
Iysccqgn I
sscc
fmpr +
1 + ν
2
mπ
L
pπ
L
gπ
b
1
b
IcssgqnI
sscc
frpm
+
1 + ν
2
rπ
L
nπ
b
fπ
L
qπ
b
Iysccgqn I
sscc
pmfr +
1 + ν
2
mπ
L
fπ
L
qπ
b
1
b
IcssqgnI
sscc
prfm
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
Mwa∑
r=1
Nwb∑
s=1
wb0mnw
b
0rsC
[
mπ
L
rπ
L
pπ
L
fπ
L
IssssqgnsI
cccc
fpmr
+
1− ν
2
mπ
L
rπ
L
qπ
b
gπ
b
IssccpfmrI
sscc
nsqg
+
nπ
b
sπ
b
qπ
b
gπ
b
IsssspfmrI
cccc
qgns +
1− ν
2
nπ
b
sπ
b
pπ
L
fπ
L
IssccmrpfI
sscc
qgns
+
1 + ν
2
mπ
L
sπ
b
pπ
L
gπ
b
IssccfrpmI
sscc
qngs +
1 + ν
2
mπ
L
sπ
b
fπ
L
qπ
b
IssccprfmI
sscc
gnqs
]
w˙bpq
(116)
C.1.11 Definition of the KpmNLuw -matrix
The size of the matrix KpmNLuw is (Mua +MubNub + 1)× (Mwa +MwbNwb). The matrix is
a nonlinear contribution and is dependent of the displacement amplitudes. It consists of
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the submatrices given in index notation in the following expressions
KpmNLuawa w˙
a =
∂2UpmNL
∂uaf∂w
a
p
w˙ap
=
Mwa∑
p=1
Mwa∑
m=1
wamC
[
fπ
L
pπ
L
mπ
L
b
4
Icccfpm +
1− ν
2
(
1
b
)2
b
2
mπ
L
Icssmfp
+ν
fπ
L
(
1
b
)2
b
2
Icssfpm +
1− ν
2
pπ
L
(
1
b
)2
b
2
Icsspfm
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
wbmnC
[
fπ
L
pπ
L
mπ
L
Iyysn I
ccc
fpm +
1− ν
2
(
1
b
)2
mπ
L
IsnI
css
mfp
+ν
fπ
L
1
b
nπ
b
Iycn I
css
fpm +
1− ν
2
pπ
L
nπ
b
1
b
Iycn I
css
pfm
]
w˙ap
(117)
KpmNLuawb w˙
b =
∂2UpmNL
∂uaf∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wamC
[
fπ
L
pπ
L
mπ
L
Iyysq I
ccc
fpm +
1− ν
2
qπ
b
mπ
L
1
b
Iycq I
css
mfp
+ν
fπ
L
qπ
b
1
b
Iycq I
css
fpm +
1− ν
2
(
1
b
)2
pπ
L
Isq I
css
pfm
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wbmnC
[
fπ
L
pπ
L
mπ
L
Iyssqn I
ccc
fpm +
1− ν
2
1
b
qπ
b
mπ
L
IcsqnI
css
mfp
+ν
fπ
L
qπ
b
nπ
b
Iyccqn I
css
fpm +
1− ν
2
pπ
L
nπ
b
1
b
IcsnqI
css
pfm
]
w˙bpq
(118)
KpmNLubwa w˙
a =
∂2UpmNL
∂ubfg∂w
a
p
w˙ap
=
Mwa∑
p=1
Mwa∑
m=1
wamC
[
fπ
L
pπ
L
mπ
L
Iyysg I
ccc
fpm +
1− ν
2
gπ
b
mπ
L
1
b
Iycg I
css
mfp
+ν
fπ
L
(
1
b
)2
IsgI
css
fpm +
1− ν
2
gπ
b
pπ
L
1
b
Iycg I
css
pfm
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
wbmnC
[
fπ
L
pπ
L
mπ
L
Iyssgn I
ccc
fpm +
1− ν
2
1
b
gπ
b
mπ
L
IcsgnI
css
mfp
+ν
fπ
L
nπ
b
1
b
IcsngI
css
fpm +
1− ν
2
gπ
b
pπ
L
nπ
b
Iyccgn I
css
pfm
]
w˙ap
(119)
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KpmNLubwb w˙
b =
∂2UpmNL
∂ubfg∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wamC
[
fπ
L
pπ
L
mπ
L
Iyssgq I
ccc
fpm +
1− ν
2
gπ
b
qπ
b
mπ
L
Iyccgq I
css
mfp
+ν
fπ
L
qπ
b
1
b
IcsqgI
css
fpm +
1− ν
2
gπ
b
pπ
L
1
b
IcsgqI
css
pfm
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wbmnC
[
fπ
L
pπ
L
mπ
L
IcccfpmI
sss
gqn +
1− ν
2
gπ
b
qπ
b
mπ
L
IcssmfpI
scc
ngq
+ν
fπ
L
qπ
b
nπ
b
IcssfpmI
scc
gqn +
1− ν
2
gπ
b
pπ
L
nπ
b
IsccqgnI
css
pfm
]
w˙bpq
(120)
KpmNLucwa w˙
a =
∂2UpmNL
∂uc∂wap
w˙ap
=
Mwa∑
p=1
wapC
[
1
L
(
pπ
L
)2
Lb
6
+ ν
1
L
1
b
L
2
]
w˙ap
+
Mwawb∑
p=1
Nwb∑
n=1
wbpnC
[
1
L
(
pπ
L
)2
Iysn
L
2
]
w˙ap
(121)
KpmNLucwb w˙
b =
∂2UpmNL
∂uc∂wbpq
w˙bpq
=
Mwawb∑
p=1
Nwb∑
q=1
wapC
[
1
L
(
pπ
L
)2
Iysq
L
2
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
wbpqC
[
1
L
(
pπ
L
)2
+ν
1
L
(
qπ
b
)2]
Lb
4
w˙bpq
(122)
C.1.12 Definition of the KpmNLwu -matrix
Due to symmetry, the matrix can be given by
KpmNLwu = (K
pmNL
uw )
T (123)
where KpmNLuw is given in Section C.1.11. The size of this matrix is (Mwa +MwbNwb) ×
(Mua +MubNub + 1).
C.1.13 Definition of the KpmNLvw -matrix
The size of the matrix KpmNLvw is (Mva +MvbNvb + 1)× (Mwa +MwbNwb). The matrix is
a nonlinear contribution and is dependent of the displacement amplitudes. It consists of
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the submatrices given in index notation in the following expressions
KpmNLvawa w˙
a =
∂2UpmNL
∂vaf∂w
a
p
w˙ap
=
Mwa∑
p=1
Mwa∑
m=1
wamC
[(
1
b
)2
Icssfpm −
1− ν
2
fπ
L
pπ
L
1
b
b
3
Icsspfm
+ν
pπ
L
mπ
L
1
b
b
3
Icccfpm −
1− ν
2
fπ
L
mπ
L
1
b
b
3
Icssmfp
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
wbmnC
[
ν
pπ
L
mπ
L
1
b
Iysn I
ccc
fpm
−
1− ν
2
fπ
L
pπ
L
nπ
b
Iyycn I
css
pfm −
1− ν
2
fπ
L
mπ
L
1
b
Iysn I
css
mfp
]
w˙ap
(124)
KpmNLvawb w˙
b =
∂2UpmNL
∂vaf∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wamC
[
ν
pπ
L
mπ
L
1
b
Iysq I
ccc
fpm
−
1− ν
2
fπ
L
pπ
L
1
b
Iysq I
css
pfm −
1− ν
2
fπ
L
qπ
b
mπ
L
Iyycq I
css
mfp
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wbmnC
[
qπ
b
nπ
b
1
b
b
2
δqnI
css
fpm −
1− ν
2
fπ
L
pπ
L
nπ
b
Iycsnq I
css
pfm
+ν
pπ
L
mπ
L
1
b
b
2
δqnI
ccc
fpm −
1− ν
2
fπ
L
qπ
b
mπ
L
Iycsqn I
css
mfp
]
w˙bpq
(125)
KpmNLvbwa w˙
a =
∂2UpmNL
∂vbfg∂w
a
p
w˙ap
=
Mwa∑
p=1
Mwa∑
m=1
wamC
[
1− ν
2
fπ
L
pπ
L
1
b
Iysg I
scc
mfp
+ν
gπ
b
pπ
L
mπ
L
Iyycg I
scc
fpm +
1− ν
2
fπ
L
mπ
L
1
b
Iysg I
scc
pfm
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
wbmnC
[
gπ
b
nπ
b
1
b
b
2
δgnI
sss
fpm +
1− ν
2
fπ
L
pπ
L
nπ
b
Iycsng I
scc
mfp
+ν
gπ
b
pπ
L
mπ
L
Iycsgn I
scc
fpm +
1− ν
2
fπ
L
mπ
L
1
b
b
2
δgnI
scc
pfm
]
w˙ap
(126)
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KpmNLvbwb w˙
b =
∂2UpmNL
∂vbfg∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wamC
[
gπ
b
qπ
b
1
b
b
2
δgnI
sss
fpm +
1− ν
2
fπ
L
pπ
L
1
b
b
2
δgnI
scc
mfp
+ν
gπ
b
pπ
L
mπ
L
Iycsgq I
scc
fpm +
1− ν
2
fπ
L
qπ
b
mπ
L
Iycsqg I
scc
pfm
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wbmnC
[
gπ
b
qπ
b
nπ
b
IsssfpmI
ccc
gqn +
1− ν
2
fπ
L
pπ
L
nπ
b
IsccmfpI
css
ngq
+ν
gπ
b
pπ
L
mπ
L
IsccfpmI
css
gqn +
1− ν
2
fπ
L
qπ
b
mπ
L
IsccpfmI
css
qgn
]
w˙bpq
(127)
KpmNLvcwa w˙
a =
∂2UpmNL
∂vc∂wap
w˙ap
=
Mwa∑
p=1
wapC
[(
1
b
)2
L
2
+ ν
(
pπ
L
)2
1
b
Lb
6
]
w˙ap
+
Mwawb∑
p=1
Nwb∑
n=1
wbpnC
[
ν
(
pπ
L
)2
1
b
Iysn
L
2
]
w˙ap
(128)
KpmNLvcwb w˙
b =
∂2UpmNL
∂vc∂wbpq
w˙bpq
=
Mwawb∑
p=1
Nwb∑
q=1
wapC
[
ν
1
b
(
pπ
L
)2
Iysq
L
2
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
wbpqC
[
1
b
(
qπ
b
)2
+ν
1
b
(
pπ
L
)2]
Lb
4
w˙bpq
(129)
C.1.14 Definition of the KpmNLwv -matrix
Due to symmetry, the matrix can be given by
KpmNLwv = (K
pmNL
vw )
T (130)
where KpmNLvw is given in Section C.1.13. The size of this matrix is (Mwa +MwbNwb) ×
(Mva +MvbNvb + 1).
C.1.15 Definition of the KpmNLww -matrix
The matrix KpmNLww is symmetrical, and the size of this matrix is (Mwa + MwbNwb) ×
(Mwa +MwbNwb). The matrix is a nonlinear contribution and is dependent of the dis-
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placement amplitudes. It consists of the submatrices given in index notation in the
following expressions
KpmNLwawa w˙
a =
∂2UpmNL
∂waf∂w
a
p
w˙ap
=
Mwa∑
p=1
Mwa∑
m=1
Mwa∑
r=1
(wamw
a
r + 2w
a
mw
a
0r)C
[
3
10
pπ
L
fπ
L
mπ
L
rπ
L
b Iccccpfmr +
3
2
(
1
b
)3
Isssspfmr
+
1
6
fπ
L
pπ
L
1
b
Issccmrfp +
1
6
fπ
L
mπ
L
1
b
Issccprfm +
1
6
fπ
L
rπ
L
1
b
Issccmpfr
+
1
6
mπ
L
rπ
L
1
b
Issccfpmr +
1
6
mπ
L
pπ
L
1
b
Issccfrmp +
1
6
rπ
L
pπ
L
1
b
Issccfmpr
]
w˙ap
+
Mwa∑
p=1
Mwa∑
m=1
Mwb∑
r=1
Nwb∑
s=1
(wamw
b
rs + w
a
0mw
b
rs + w
a
mw
b
0rs)C
[
3
pπ
L
fπ
L
mπ
L
rπ
L
Iyyyss I
cccc
pfmr
+
pπ
L
fπ
L
sπ
b
1
b
Iyycs I
sscc
mrfp +
mπ
L
fπ
L
sπ
b
1
b
Iyycs I
sscc
prfm +
mπ
L
pπ
L
sπ
b
1
b
Iyycs I
sscc
frmp
+
pπ
L
rπ
L
(
1
b
)2
Iyss I
sscc
fmpr +
mπ
L
rπ
L
(
1
b
)2
Iyss I
sscc
fpmr +
fπ
L
rπ
L
(
1
b
)2
Iyss I
sscc
mpfr
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
Mwb∑
r=1
Nwb∑
s=1
[
(wbmnw
b
rs + 2w
b
mnw
b
0rs)C
(
3
2
pπ
L
fπ
L
mπ
L
rπ
L
Iyyssns I
cccc
pfmr +
3
4
nπ
b
sπ
b
1
b
δnsI
ssss
frmp
+
1
2
pπ
L
fπ
L
nπ
b
sπ
b
Iyyccns I
sscc
mrfp +
1
4
mπ
L
rπ
L
1
b
δnsI
sscc
fpmr +
1
2
pπ
L
mπ
L
sπ
b
1
b
Iycssn I
sscc
frmp
+
1
2
fπ
L
mπ
L
sπ
b
1
b
Iycssn I
sscc
prfm +
1
2
fπ
L
rπ
L
nπ
b
1
b
Iycsns I
sscc
mpfr +
1
2
pπ
L
rπ
L
nπ
b
1
b
Iycsns I
sscc
fmpr
)
w˙ap
+
Mwa∑
p=1
Mua∑
i=1
uaiC
[
iπ
L
pπ
L
fπ
L
b
4
Icccipf + ν
iπ
L
(
1
b
)2
b
2
Icssipf +
1− ν
2
pπ
L
(
1
b
)2
b
2
Icsspif +
1− ν
2
fπ
L
(
1
b
)2
b
2
Icssfip
]
w˙ap
+
Mwa∑
p=1
Mub∑
i=1
Nub∑
j=1
ubijC
[
iπ
L
pπ
L
fπ
L
Iyysj I
ccc
ipf + ν
iπ
L
(
1
b
)2
Isj I
css
ipf +
1− ν
2
jπ
b
pπ
L
1
b
Iycj I
css
pif +
1− ν
2
jπ
b
fπ
L
1
b
Iycj I
css
fip
]
w˙ap
+
Mwa∑
p=1
ucC
[
1
L
(
fπ
L
)2
Lb
6
+ ν
1
L
1
b
L
2
]
δfpw˙
a
p +
Mwa∑
p=1
Mva∑
i=1
vai C
[(
1
b
)2
Icssipf + ν
pπ
L
fπ
L
1
b
b
3
Icccipf
−
1− ν
2
iπ
L
pπ
L
1
b
b
3
Icsspif −
1− ν
2
iπ
L
fπ
L
1
b
b
3
Icssfip
]
w˙ap +
Mwa∑
p=1
Mvb∑
i=1
Nvb∑
j=1
vbijC
[
ν
jπ
b
pπ
L
fπ
L
Iyycj I
scc
ipf
+
1− ν
2
iπ
L
pπ
L
1
b
Iysj I
scc
fip +
1− ν
2
iπ
L
fπ
L
1
b
Iysj I
scc
pif
]
w˙ap +
Mwa∑
p=1
vcC
[(
1
b
)2
L
2
+ ν
(
fπ
L
)2
1
b
Lb
6
]
δfpw˙
a
p
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KpmNLwawb w˙
b =
∂2UpmNL
∂waf∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwa∑
r=1
(wamw
a
r + 2w
a
mw
a
0r)C
[
3
2
fπ
L
mπ
L
rπ
L
pπ
L
Iyyysq I
cccc
fpmr
+
1
2
mπ
L
rπ
L
qπ
b
1
b
Iyycq I
sscc
fpmr +
1
2
fπ
L
rπ
L
qπ
b
1
b
Iyycq I
sscc
mpfr +
1
2
fπ
L
mπ
L
qπ
b
1
b
Iyycq I
sscc
prfm
+
1
2
fπ
L
pπ
L
(
1
b
)2
Iysq I
sscc
mrfp +
1
2
mπ
L
pπ
L
(
1
b
)2
Iysq I
sscc
frmp +
1
2
rπ
L
pπ
L
(
1
b
)2
Iysq I
sscc
fmpr
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwb∑
r=1
Nwb∑
s=1
(wamw
b
rs + w
a
0mw
b
rs + w
a
mw
b
0rs)C
[
3
fπ
L
mπ
L
rπ
L
pπ
L
Iyysssq I
cccc
fmrp
+3
sπ
b
qπ
b
(
1
b
)2
b
2
δsqI
ssss
fmrp +
fπ
L
mπ
L
sπ
b
qπ
b
Iyyccsq I
sscc
prfm +
fπ
L
rπ
L
qπ
b
1
b
Iycsqs I
sscc
mpfr
+
fπ
L
pπ
L
sπ
b
1
b
Iycssq I
sscc
mrfp +
mπ
L
rπ
L
qπ
b
1
b
Iycsqs I
sscc
fpmr +
mπ
L
pπ
L
sπ
b
1
b
Iycssq I
sscc
frmp +
rπ
L
pπ
L
(
1
b
)2
b
2
δsqI
sscc
fmrp
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
Mwb∑
r=1
Nwb∑
s=1
(wbmnw
b
rs + 2w
b
mnw
b
0rs)C
[
3
2
fπ
L
pπ
L
mπ
L
rπ
L
Iysssqns I
cccc
fmpr +
3
2
qπ
b
nπ
b
sπ
b
1
b
IcccqnsI
ssss
fpmr
+
1
2
fπ
L
pπ
L
nπ
b
sπ
b
Iysccqns I
sscc
mrfp +
1
2
fπ
L
mπ
L
qπ
b
sπ
b
Iysccnqs I
sscc
prfm +
1
2
fπ
L
rπ
L
qπ
b
nπ
b
Iysccsqn I
sscc
mpfr
+
1
2
mπ
L
rπ
L
qπ
b
1
b
IcssqnsI
sscc
fpmr +
1
2
pπ
L
rπ
L
nπ
b
1
b
IcssnqsI
sscc
fmpr +
1
2
mπ
L
pπ
L
sπ
b
1
b
IcsssqnI
sscc
frmp
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mua∑
i=1
uaiC
[
iπ
L
pπ
L
fπ
L
Iyysq I
ccc
ipf + ν
iπ
L
qπ
b
1
b
Iycq I
css
ipf +
1− ν
2
fπ
L
qπ
b
1
b
Iycq I
css
fip +
1− ν
2
pπ
L
(
1
b
)2
IsqI
css
pif
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mub∑
i=1
Nub∑
j=1
ubijC
[
iπ
L
fπ
L
pπ
L
Iyssjq I
ccc
ifp+ν
iπ
L
qπ
b
1
b
IcsqjI
css
ifp+
1− ν
2
jπ
b
fπ
L
qπ
b
Iyccjq I
css
fip+
1− ν
2
jπ
b
pπ
L
1
b
IcsjqI
css
pif
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
ucC
[
1
L
(
fπ
L
)2
Iysq
L
2
δfp
]
w˙bpq +
Mwb∑
p=1
Nwb∑
q=1
Mva∑
i=1
vai C
[
ν
fπ
L
pπ
L
1
b
Iysq I
ccc
ifp −
1− ν
2
iπ
L
fπ
L
qπ
b
Iyycq I
css
fip
−
1− ν
2
iπ
L
pπ
L
1
b
Iysq I
css
pif
]
w˙bpq +
Mwb∑
p=1
Nwb∑
q=1
Mvb∑
i=1
Nvb∑
j=1
vbijC
[
jπ
b
qπ
b
1
b
b
2
δjqI
sss
ifp + ν
jπ
b
fπ
L
pπ
L
Iycsjq I
scc
ifp
+
1− ν
2
iπ
L
fπ
L
qπ
b
Iycsqj I
scc
pif +
1− ν
2
iπ
L
pπ
L
1
b
b
2
δjqI
scc
fip
]
w˙bpq +
Mwb∑
p=1
Nwb∑
q=1
vcC
[
ν
(
fπ
L
)2
1
b
L
2
Iysq δfp
]
w˙bpq
(132)
KpmNLwbwa = (K
pmNL
wawb )
T (133)
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KpmNLwbwb w˙
b =
∂2UpmNL
∂wbfg∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
Mwb∑
r=1
Nwb∑
s=1
(wbmnw
b
rs + 2w
b
mnw
b
0rs)C
[
3
2
fπ
L
mπ
L
rπ
L
pπ
L
IccccfpmrI
ssss
gqns
+
3
2
gπ
b
qπ
b
nπ
b
sπ
b
IssssfpmrI
cccc
gqns +
1
2
fπ
L
pπ
L
nπ
b
sπ
b
IssccmrfpI
sscc
gqns +
1
2
fπ
L
mπ
L
qπ
b
sπ
b
IssccprfmI
sscc
gnqs
+
1
2
fπ
L
rπ
L
nπ
b
qπ
b
IssccmpfrI
sscc
gsnq +
1
2
mπ
L
pπ
L
gπ
b
sπ
b
IssccfrmpI
sscc
nqgs +
1
2
mπ
L
rπ
L
qπ
b
gπ
b
IssccfpmrI
sscc
nsgq
+
1
2
pπ
L
rπ
L
gπ
b
nπ
b
IssccfmprI
sscc
qsgn
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwb∑
r=1
Nwb∑
s=1
(wamw
b
rs + w
a
0mw
b
rs + w
a
mw
b
0rs)C
[
3
mπ
L
pπ
L
fπ
L
rπ
L
Iysssqgs I
cccc
mpfr
+3
qπ
b
gπ
b
sπ
b
1
b
IcccqgsI
ssss
fmrp +
mπ
L
pπ
L
gπ
b
sπ
b
Iysccqgs I
sscc
frmp +
mπ
L
fπ
L
qπ
b
sπ
b
Iysccgqs I
sscc
prfm
+
mπ
L
rπ
L
gπ
b
qπ
b
Iysccsgq I
sscc
fpmr +
fπ
L
rπ
L
qπ
b
1
b
IcssqgsI
sscc
mpfr +
pπ
L
rπ
L
gπ
b
1
b
IcssgqsI
sscc
fmpr
+
pπ
L
fπ
L
sπ
b
1
b
IcsssgqI
sscc
mrpf
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwa∑
r=1
[
(wamw
a
r + 2w
a
mw
a
0r)C
(
3
2
mπ
L
rπ
L
pπ
L
fπ
L
Iyyssqg I
cccc
mrpf +
3
4
qπ
b
gπ
b
1
b
δqgI
ssss
mrpf
+
1
2
pπ
L
fπ
L
(
1
b
)2
b
2
δqgI
sscc
mrfp +
1
2
mπ
L
rπ
L
qπ
b
gπ
b
Iyyccqg I
sscc
fpmr +
1
2
mπ
L
pπ
L
gπ
b
1
b
Iycsgq I
sscc
frmp
+
1
2
mπ
L
fπ
L
qπ
b
1
b
Iycsqg I
sscc
prfm +
1
2
rπ
L
fπ
L
qπ
b
1
b
Iycsqg I
sscc
mpfr +
1
2
rπ
L
pπ
L
gπ
b
1
b
Iycsgq I
sscc
fmpr
)]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mua∑
i=1
uaiC
[
iπ
L
pπ
L
fπ
L
Iyssqg I
ccc
ipf + ν
iπ
L
qπ
b
gπ
b
Iyccqg I
css
ipf +
1− ν
2
pπ
L
gπ
b
1
b
IcsgqI
css
pif +
1− ν
2
fπ
L
qπ
b
1
b
IcsqgI
css
fip
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mub∑
i=1
Nub∑
j=1
ubijC
[
iπ
L
pπ
L
fπ
L
IcccipfI
sss
jqg+ν
iπ
L
qπ
b
gπ
b
Icssipf I
scc
jqg+
1− ν
2
jπ
b
pπ
L
gπ
b
Icsspif I
scc
qjg+
1− ν
2
jπ
b
fπ
L
qπ
b
IcssfipI
scc
gjq
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
ucC
[(
fπ
L
)2
+ν
(
gπ
b
)2 ]
1
L
Lb
4
δfpδgqw˙
b
pq +
Mwb∑
p=1
Nwb∑
q=1
Mva∑
i=1
vai C
[
qπ
b
gπ
b
1
b
b
2
δqgI
css
ipf + ν
pπ
L
fπ
L
1
b
b
2
δqgI
ccc
ipf
−
1− ν
2
iπ
L
pπ
L
gπ
b
Iycsgq I
css
pif −
1− ν
2
iπ
L
fπ
L
qπ
b
Iycsqg I
css
fip
]
w˙bpq +
Mwb∑
p=1
Nwb∑
q=1
Mvb∑
i=1
Nvb∑
j=1
vbijC
[
jπ
b
qπ
b
gπ
b
Isssipf I
ccc
jqg
+ν
jπ
b
pπ
L
fπ
L
IsccipfI
css
jqg +
1− ν
2
iπ
L
pπ
L
gπ
b
IsccfipI
css
gjq +
1− ν
2
iπ
L
fπ
L
qπ
b
IsccpifI
css
qjg
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
vcC
[(
gπ
b
)2
+ν
(
fπ
L
)2 ]
1
b
Lb
4
δfpδgqw˙
b
pq
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C.2 The generalised, incremental plate bending stiffness matrix
Kpb
C.2.1 Introduction
The generalised, incremental plate bending stiffness matrix is divided into the submatrices
given below. The only non-zero submatrix isKpbww. In the solution procedure for postbuck-
ling analysis described in Chapter 5, Kpb must be added to the generalised, incremental
stiffness matrix K given in Eq. 41. Details on how to build the matrices is given in
Appendix A and B.
C.2.2 Definition of the Kpbww-matrix
The matrix Kpbww is symmetrical, and the size of this matrix is (Mwa + MwbNwb) ×
(Mwa +MwbNwb). The matrix is a constant contribution and consists of the submatrices
given in index notation in the following expressions
Kpbwawaw˙
a =
∂2Upb
∂waf∂w
a
p
w˙ap =
Mwa∑
p=1
D
[(
fπ
L
)4
Lb
6
+ (1− ν)
(
fπ
L
)2
L
b
]
δfpw˙
a
p (135)
Kpbwawbw˙
b =
∂2Upb
∂waf∂w
pb
pq
w˙bpq =
Mwb∑
p=1
Nwb∑
q=1
D
[(
fπ
L
)4
L
2
Iysq + ν
(
fπ
L
)2(
qπ
L
)2
L
2
Iysq
]
δfpw˙
b
pq
(136)
Kpbwbwaw˙
b =
∂2Upb
∂wbfg∂w
a
p
w˙ap =
Mwa∑
p=1
D
[(
fπ
L
)4
L
2
Iysg + ν
(
fπ
L
)2(
gπ
L
)2
L
2
Iysg
]
δfpw˙
a
p (137)
Kpbwbwbw˙
b =
∂2Upb
∂wbfg∂w
b
pq
w˙bpq =
Mwb∑
p=1
Nwb∑
q=1
D
Lb
4
[(
fπ
L
)2
+
(
gπ
L
)2]
δfpδgqw˙
b
pq (138)
C.3 The generalised, incremental load vector −Λ˙Gp,x of the plate
The incremental load vector −Λ˙Gp,x of the plate due to an external load in x-direction
is a constant contribution. It consists of the subvectors in the following expressions
−Λ˙Gp,xuc = −Λ˙
∂2T p,x
∂uc∂Λ
= Λ˙S0xbt (139)
Gp,xua = 0, G
p,x
ub = 0, G
p,x
va = 0, G
p,x
vb = 0,
Gp,xvc = 0, G
p,x
wa = 0, G
p,x
wb = 0
(140)
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Here, the subvector −Λ˙Gpuc is the only non-zero contribution for the load considered.
D Rate form of energy contributions of a stiffener
D.1 The generalised, incremental stiffness matrix Ks,x for stiffen-
ers parallel to the free edge
D.1.1 Introduction
In the chosen coordinate system, defined in Fig. 4, stiffeners parallel to the free edge
are oriented in the x-direction. In order to indicate the direction of the stiffeners, ’x’ is
included in the super index in the stiffener contributions.
In the expressions below, integrals are replace with simplified expressions, Ism, I
cs
mn,
etc. For instance,
Ism =
∫ b
0
sin(
mπ
b
y) dy =
b
mπ
[1− (−1)m] (141)
is introduced. The expressions for all the integrals can be found in Appendix F . In
addition , the Kronecker delta defined by
δij =
{
1 if i = j
0 otherwise
(142)
is used. Details on how to build the matrices is given in Appendix A and B.
D.1.2 Definition of the KsL,xuu -matrix
The matrix KsL,xuu is symmetrical, and the size of this matrix is (Mua +MubNub + 1) ×
(Mua +MubNub + 1). The matrix is a constant contribution and consists of the sub-
matrices given in index notation in the following expressions
KsL,xuauau˙
a =
∂2UsL,x
∂uaf∂u
a
p
u˙ap =
Mua∑
p=1
EAs
[(
fπ
L
)2(
ys
b
)2
L
2
]
δfpu˙
a
p (143)
KsL,xububu˙
b =
∂2UsL,x
∂ubfg∂u
b
pq
u˙bpq =
Mub∑
p=1
Nub∑
q=1
EAs
[(
fπ
L
)2
sin(
gπ
b
ys)sin(
qπ
b
ys)
L
2
]
δfpu˙
b
pq (144)
KsL,xucucu˙
c =
∂2UsL,x
∂uc∂uc
u˙c = EAs
1
L
u˙c (145)
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KsL,xuaubu˙
b =
∂2UsL,x
∂uaf∂u
b
pq
u˙bpq =
Mub∑
p=1
Nub∑
q=1
EAs
[(
fπ
L
)2
ys
b
sin(
qπ
b
ys)
L
2
]
δfpu˙
b
pq (146)
KsL,xubuau˙
a =
∂2UsL,x
∂ubfg∂u
a
p
u˙ap =
Mua∑
p=1
EAs
[(
fπ
L
)2
ys
b
sin(
gπ
b
ys)
L
2
]
δfpu˙
a
p (147)
KsL,xuauc = 0, K
sL,x
ucua = 0, K
sL,x
ubuc = 0, K
sL,x
ucub = 0 (148)
D.1.3 Definition of the KsL,xuw -matrix
The size of the matrix KsL,xuw is (Mua +MubNub + 1) × (Mwa +MwbNwb). The matrix is
a constant contribution and consists of the submatrices given in index notation in the
following expressions
KsL,xuawaw˙
a =
∂2UsL,x
∂uaf∂w
a
p
w˙ap
=
Mwa∑
p=1
ecEAs
[
fπ
L
(
pπ
L
)2(
ys
b
)2
Icsfp
]
w˙ap
+
Mwa∑
p=1
Mwa∑
m=1
wa0mEAs
[
fπ
L
pπ
L
mπ
L
(
ys
b
)3
Icccfpm
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnEAs
[
fπ
L
pπ
L
mπ
L
(
ys
b
)2
sin(
nπ
b
ys)I
ccc
fpm
]
w˙ap
(149)
KsL,xuawbw˙
b =
∂2UsL,x
∂uaf∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
ecEAs
[
fπ
L
(
pπ
L
)2
ys
b
sin(
qπ
b
ys)I
cs
fp
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wa0mEAs
[
fπ
L
pπ
L
mπ
L
(
ys
b
)2
sin(
qπ
b
ys)I
ccc
fpm
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnEAs
[
fπ
L
pπ
L
mπ
L
ys
b
sin(
qπ
b
ys)sin(
nπ
b
ys)I
ccc
fpm
]
w˙bpq
(150)
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KsL,xubwaw˙
a =
∂2UsL,x
∂ubfg∂w
a
p
w˙ap
=
Mwa∑
p=1
ecEAs
[
fπ
L
(
pπ
L
)2
ys
b
sin(
gπ
b
ys)I
cs
fp
]
w˙ap
+
Mwa∑
p=1
Mwa∑
m=1
wa0mEAs
[
fπ
L
pπ
L
mπ
L
(
ys
b
)2
sin(
gπ
b
ys)I
ccc
fpm
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnEAs
[
fπ
L
pπ
L
mπ
L
ys
b
sin(
gπ
b
ys)sin(
nπ
b
ys)I
ccc
fpm
]
w˙ap
(151)
KsL,xubwbw˙
b =
∂2UsL,x
∂ubfg∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
ecEAs
[
fπ
L
(
pπ
L
)2
sin(
gπ
b
ys)sin(
qπ
b
ys)I
cs
fp
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wa0mEAs
[
fπ
L
pπ
L
mπ
L
ys
b
sin(
gπ
b
ys)sin(
qπ
b
ys)I
ccc
fpm
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnEAs
[
fπ
L
pπ
L
mπ
L
sin(
gπ
b
ys)sin(
qπ
b
ys)sin(
nπ
b
ys)I
ccc
fpm
]
w˙bpq
(152)
KsL,xucwaw˙
a =
∂2UsL,x
∂uc∂wap
w˙ap
=
Mwa∑
p=1
ecEAs
[
1
L
(
pπ
L
)2
ys
b
Isp
]
w˙ap
+
Mwa∑
p=1
wa0pEAs
[(
pπ
L
)2(
ys
b
)2
1
2
]
w˙ap
+
Mwawb∑
p=1
Nwb∑
n=1
wb0pnEAs
[(
pπ
L
)2
ys
b
sin(
nπ
b
ys)
1
2
]
w˙ap
(153)
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KsL,xucwbw˙
b =
∂2UsL,x
∂uc∂wbpq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
ecEAs
[
1
L
(
pπ
L
)2
sin(
qπ
b
ys)I
s
p
]
w˙bpq
+
Mwawb∑
p=1
Nwb∑
q=1
wa0pEAs
[(
pπ
L
)2
ys
b
sin(
qπ
b
ys)
1
2
]
w˙bpq
+
Mwawb∑
p=1
Nwb∑
q=1
Nwb∑
n=1
wb0pnEAs
[(
pπ
L
)2
sin(
qπ
b
ys)sin(
nπ
b
ys)
1
2
]
w˙bpq
(154)
D.1.4 Definition of the KsL,xwu -matrix
Due to symmetry, the matrix can be given by
KsL,xwu = (K
sL,x
uw )
T (155)
where KsL,xuw is given in Section D.1.3. The size of this matrix is (Mwa +MwbNwb) ×
(Mua +MubNub + 1).
D.1.5 Definition of the KsL,xww -matrix
The matrix KsL,xww is symmetrical, and the size of this matrix is (Mwa + MwbNwb) ×
(Mwa +MwbNwb). The matrix is a constant contribution and consists of the submatrices
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given in index notation in the following expressions
KsL,xwawaw˙
a =
∂2UsL,x
∂waf∂w
a
p
w˙ap
=
Mwa∑
p=1
EI
(
fπ
L
)4(
ys
b
)2
L
2
δfpw˙
a
p
+
Mwa∑
p=1
Mwa∑
m=1
wa0mecEAs
[
fπ
L
(
pπ
L
)2
mπ
L
Isccpfm
+
pπ
L
(
fπ
L
)2
mπ
L
Isccfpm
](
ys
b
)3
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnecEAs
[
fπ
L
(
pπ
L
)2
mπ
L
Isccpfm
+
pπ
L
(
fπ
L
)2
mπ
L
Isccfpm
](
ys
b
)2
sin(
nπ
b
ys)w˙
a
p
+
Mwa∑
p=1
Mwa∑
m=1
Mwa∑
r=1
wa0mw
a
0rEAs
fπ
L
pπ
L
mπ
L
rπ
L
(
ys
b
)4
Iccccpfmrw˙
a
p
+
Mwa∑
p=1
Mwa∑
m=1
Mwa∑
r=1
Nwb∑
s=1
wa0mw
b
0rs2EAs
fπ
L
pπ
L
mπ
L
rπ
L
·
(
ys
b
)3
sin(
sπ
b
ys)I
cccc
pfmrw˙
a
p
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
Mwa∑
r=1
Nwb∑
s=1
wb0mnw
b
0rsEAs
fπ
L
pπ
L
mπ
L
rπ
L
·
(
ys
b
)2
sin(
nπ
b
ys)sin(
sπ
b
ys)I
cccc
pfmrw˙
a
p
(156)
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KsL,xwawbw˙
b =
∂2UsL,x
∂waf∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
EI
(
fπ
L
)4
ys
b
sin(
qπ
b
ys)
L
2
δfpw˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wa0mecEAs
[
fπ
L
(
pπ
L
)2
mπ
L
Isccpfm
+
(
fπ
L
)2
pπ
L
mπ
L
Isccfpm
](
ys
b
)2
sin(
qπ
b
ys)w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnecEAs
[
fπ
L
(
pπ
L
)2
mπ
L
Isccpfm
+
(
fπ
L
)2
pπ
L
mπ
L
Isccfpm
]
ys
b
sin(
qπ
b
ys)sin(
nπ
b
ys)w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwa∑
r=1
wa0mw
a
0rEAs
fπ
L
pπ
L
mπ
L
rπ
L
·
(
ys
b
)3
sin(
qπ
b
ys)I
cccc
pfmrw˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwa∑
r=1
Nwb∑
s=1
wa0mw
b
0rs2EAs
fπ
L
pπ
L
mπ
L
rπ
L
·
(
ys
b
)2
sin(
qπ
b
ys)sin(
sπ
b
ys)I
cccc
pfmrw˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
Mwa∑
r=1
Nwb∑
s=1
wb0mnw
b
0rsEAs
fπ
L
pπ
L
mπ
L
rπ
L
·
ys
b
sin(
qπ
b
ys)sin(
nπ
b
ys)sin(
sπ
b
ys)I
cccc
pfmrw˙
b
pq
(157)
KsL,xwbwa = (K
sL,x
wawb)
T (158)
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KsL,xwbwbw˙
b =
∂2UsL,x
∂wbfg∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
EI
(
fπ
L
)4
sin(
gπ
b
ys)sin(
qπ
b
ys)
L
2
δfpw˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wa0mecEAs
[
fπ
L
(
pπ
L
)2
mπ
L
Isccpfm
+
pπ
L
(
fπ
L
)2
mπ
L
Isccfpm
]
ys
b
sin(
gπ
b
ys)sin(
qπ
b
ys)w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnecEAs
[
fπ
L
(
pπ
L
)2
mπ
L
Isccpfm
+
pπ
L
(
fπ
L
)2
mπ
L
Isccfpm
]
sin(
gπ
b
ys)sin(
qπ
b
ys)sin(
nπ
b
ys)w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwa∑
r=1
wa0mw
a
0rEAs
fπ
L
pπ
L
mπ
L
rπ
L
·
(
ys
b
)2
sin(
gπ
b
ys)sin(
qπ
b
ys)I
cccc
pfmrw˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwa∑
r=1
Nwb∑
s=1
wa0mw
b
0rs2EAs
fπ
L
pπ
L
mπ
L
rπ
L
·
ys
b
sin(
gπ
b
ys)sin(
qπ
b
ys)sin(
sπ
b
ys)I
cccc
pfmrw˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
Mwa∑
r=1
Nwb∑
s=1
wb0mnw
b
0rsEAs
fπ
L
pπ
L
mπ
L
rπ
L
·sin(
gπ
b
ys)sin(
qπ
b
ys)sin(
nπ
b
ys)sin(
sπ
b
ys)I
cccc
pfmrw˙
b
pq
(159)
D.1.6 Definition of the KsNL,xuw -matrix
The size of the matrix KsNL,xuw is (Mua +MubNub + 1)× (Mwa +MwbNwb). The matrix is
a nonlinear contribution and is dependent of the displacement amplitudes. It consists of
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the submatrices given in index notation in the following expressions
KsNL,xuawa w˙
a =
∂2UsNL,x
∂uaf∂w
a
p
w˙ap
=
Mwa∑
p=1
Mwa∑
m=1
wamEAs
[
fπ
L
pπ
L
mπ
L
(
ys
b
)3
Icccfpm
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
wbmnEAs
[
fπ
L
pπ
L
mπ
L
(
ys
b
)2
sin(
nπ
b
ys)I
ccc
fpm
]
w˙ap
(160)
KsNL,xuawb w˙
b =
∂2UsNL,x
∂uaf∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wamEAs
[
fπ
L
pπ
L
mπ
L
(
ys
b
)2
sin(
qπ
b
ys)I
ccc
fpm
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wbmnEAs
[
fπ
L
pπ
L
mπ
L
ys
b
sin(
qπ
b
ys)sin(
nπ
b
ys)I
ccc
fpm
]
w˙bpq
(161)
KsNL,xubwa w˙
a =
∂2UsNL,x
∂ubfg∂w
a
p
w˙ap
=
Mwa∑
p=1
Mwa∑
m=1
wamEAs
[
fπ
L
pπ
L
mπ
L
(
ys
b
)2
sin(
gπ
b
ys)I
ccc
fpm
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
wbmnEAs
[
fπ
L
pπ
L
mπ
L
ys
b
sin(
gπ
b
ys)sin(
nπ
b
ys)I
ccc
fpm
]
w˙ap
(162)
KsNL,xubwb w˙
b =
∂2UsNL,x
∂ubfg∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wamEAs
[
fπ
L
pπ
L
mπ
L
ys
b
sin(
gπ
b
ys)sin(
qπ
b
ys)I
ccc
fpm
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wbmnEAs
[
fπ
L
pπ
L
mπ
L
sin(
gπ
b
ys)sin(
qπ
b
ys)sin(
nπ
b
ys)I
ccc
fpm
]
w˙bpq
(163)
KsNL,xucwa w˙
a =
∂2UsNL,x
∂uc∂wap
w˙ap
=
Mwa∑
p=1
wapEAs
[(
pπ
L
)2(
ys
b
)2
1
2
]
w˙ap
+
Mwawb∑
p=1
Nwb∑
n=1
wbpnEAs
[(
pπ
L
)2
ys
b
sin(
nπ
b
ys)
1
2
]
w˙ap
(164)
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KsNL,xucwb w˙
b =
∂2UsNL,x
∂uc∂wbpq
w˙bpq
=
Mwawb∑
p=1
Nwb∑
q=1
wapEAs
[(
pπ
L
)2
ys
b
sin(
qπ
b
ys)
1
2
]
w˙bpq
+
Mwawb∑
p=1
Nwb∑
q=1
Nwb∑
n=1
wbpnEAs
[(
pπ
L
)2
sin(
qπ
b
ys)sin(
nπ
b
ys)
1
2
]
w˙bpq
(165)
D.1.7 Definition of the KsNL,xwu -matrix
Due to symmetry, the matrix can be given by
KsNL,xwu = (K
sNL,x
uw )
T (166)
where KsNL,xuw is given in Section D.1.6. The size of this matrix is (Mwa +MwbNwb) ×
(Mua +MubNub + 1).
D.1.8 Definition of the KsNL,xww -matrix
The matrix KsNL,xww is symmetrical, and the size of this matrix is (Mwa + MwbNwb) ×
(Mwa +MwbNwb). The matrix is a nonlinear contribution and is dependent of the dis-
placement amplitudes. It consists of the submatrices given in index notation in the
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following expressions
KsNL,xwawa w˙
a =
∂2UsNL,x
∂waf∂w
a
p
w˙ap
=
Mwa∑
p=1
Mwa∑
m=1
wamecEAs
[
fπ
L
pπ
L
(
mπ
L
)2
Isccmfp
+
mπ
L
pπ
L
(
fπ
L
)2
Isccfmp +
mπ
L
fπ
L
(
pπ
L
)2
Isccpfm
](
ys
b
)3
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
wbmnecEAs
[
fπ
L
pπ
L
(
mπ
L
)2
Isccmfp
+
mπ
L
pπ
L
(
fπ
L
)2
Isccfmp +
mπ
L
fπ
L
(
pπ
L
)2
Isccpfm
](
ys
b
)2
sin(
nπ
b
ys)w˙
a
p
+
Mwa∑
p=1
Mwa∑
m=1
Mwa∑
r=1
EAs
fπ
L
pπ
L
mπ
L
rπ
L
(
ys
b
)4
Iccccpfmr
[
3wamw
a
0r +
3
2
wamw
a
r
]
w˙ap
+
Mwa∑
p=1
Mwa∑
m=1
Mwb∑
r=1
Nwb∑
s=1
EAs
fπ
L
pπ
L
mπ
L
rπ
L
·
(
ys
b
)3
sin(
sπ
b
ys)I
cccc
pfmr
[
3wamw
b
0rs + 3w
a
0mw
b
rs + 3w
a
mw
b
rs
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
Mwb∑
r=1
Nwb∑
s=1
EAs
fπ
L
pπ
L
mπ
L
rπ
L
·
(
ys
b
)2
sin(
nπ
b
ys)sin(
sπ
b
ys)I
cccc
pfmr
[
3wbmnw
b
0rs +
3
2
wbmnw
b
rs
]
w˙ap
+
Mwa∑
p=1
Mua∑
i=1
uaiEAs
iπ
L
fπ
L
pπ
L
(
ys
b
)3
Icccipf w˙
a
p
+
Mwa∑
p=1
Mub∑
i=1
Nub∑
j=1
ubijEAs
iπ
L
fπ
L
pπ
L
(
ys
b
)2
sin(
jπ
b
ys)I
ccc
ipf w˙
a
p
+
Mwa∑
p=1
ucEAs
1
2
(
fπ
L
)2(
ys
b
)2
δfpw˙
a
p
(167)
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KsNL,xwawb w˙
b =
∂2UsNL,x
∂waf∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wamecEAs
[
fπ
L
pπ
L
(
mπ
L
)2
Isccmfp
+
mπ
L
pπ
L
(
fπ
L
)2
Isccfmp +
mπ
L
fπ
L
(
pπ
L
)2
Isccpfm
](
ys
b
)2
sin(
qπ
b
ys)w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wbmnecEAs
[
fπ
L
pπ
L
(
mπ
L
)2
Isccmfp
+
mπ
L
pπ
L
(
fπ
L
)2
Isccfmp +
mπ
L
fπ
L
(
pπ
L
)2
Isccpfm
]
ys
b
sin(
qπ
b
ys)sin(
nπ
b
ys)w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwa∑
r=1
EAs
fπ
L
pπ
L
mπ
L
rπ
L
·
(
ys
b
)3
sin(
qπ
b
ys)I
cccc
pfmr
[
3wamw
a
0r +
3
2
wamw
a
r
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwb∑
r=1
Nwb∑
s=1
EAs
fπ
L
pπ
L
mπ
L
rπ
L
·
(
ys
b
)2
sin(
qπ
b
ys)sin(
sπ
b
ys)I
cccc
pfmr
[
3wamw
b
0rs + 3w
a
0mw
b
rs + 3w
a
mw
b
rs
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
Mwb∑
r=1
Nwb∑
s=1
EAs
fπ
L
pπ
L
mπ
L
rπ
L
·
ys
b
sin(
nπ
b
ys)sin(
sπ
b
ys)sin(
qπ
b
ys)I
cccc
pfmr
[
3wbmnw
b
0rs +
3
2
wbmnw
b
rs
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mua∑
i=1
uaiEAs
iπ
L
fπ
L
pπ
L
(
ys
b
)2
sin(
qπ
b
ys)I
ccc
ipf w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mub∑
i=1
Nub∑
j=1
ubijEAs
iπ
L
fπ
L
pπ
L
ys
b
sin(
jπ
b
ys)sin(
qπ
b
ys)I
ccc
ipf w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
ucEAs
1
2
(
fπ
L
)2
ys
b
sin(
qπ
b
ys)δfpw˙
b
pq
(168)
KsNL,xwbwa = (K
sNL,x
wawb )
T (169)
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KsNL,xwbwb w˙
b =
∂2UsNL,x
∂wbfg∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wbmnecEAs
[
fπ
L
pπ
L
(
mπ
L
)2
Isccmfp
+
mπ
L
pπ
L
(
fπ
L
)2
Isccfmp +
mπ
L
fπ
L
(
pπ
L
)2
Isccpfm
]
sin(
gπ
b
ys)sin(
qπ
b
ys)sin(
nπ
b
ys)w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wamecEAs
[
fπ
L
pπ
L
(
mπ
L
)2
Isccmfp
+
mπ
L
pπ
L
(
fπ
L
)2
Isccfmp +
mπ
L
fπ
L
(
pπ
L
)2
Isccpfm
]
ys
b
sin(
gπ
b
ys)sin(
qπ
b
ys)w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwa∑
r=1
EAs
fπ
L
pπ
L
mπ
L
rπ
L
·
(
ys
b
)2
sin(
gπ
b
ys)sin(
qπ
b
ys)I
cccc
pfmr
[
3wamw
a
0r +
3
2
wamw
a
r
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwb∑
r=1
Nwb∑
s=1
EAs
fπ
L
pπ
L
mπ
L
rπ
L
·
ys
b
sin(
gπ
b
ys)sin(
qπ
b
ys)sin(
sπ
b
ys)I
cccc
pfmr
[
3wamw
b
0rs + 3w
a
0mw
b
rs + 3w
a
mw
b
rs
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
Mwb∑
r=1
Nwb∑
s=1
EAs
fπ
L
pπ
L
mπ
L
rπ
L
·sin(
gπ
b
ys)sin(
nπ
b
ys)sin(
sπ
b
ys)sin(
qπ
b
ys)I
cccc
pfmr
[
3wbmnw
b
0rs +
3
2
wbmnw
b
rs
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mua∑
i=1
uaiEAs
iπ
L
fπ
L
pπ
L
ys
b
sin(
gπ
b
ys)sin(
qπ
b
ys)I
ccc
ipf w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mub∑
i=1
Nub∑
j=1
ubijEAs
iπ
L
fπ
L
pπ
L
sin(
jπ
b
ys)sin(
gπ
b
ys)sin(
qπ
b
ys)I
ccc
ipf w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
ucEAs
1
2
(
fπ
L
)2
sin(
gπ
b
ys)sin(
qπ
b
ys)δfpw˙
b
pq
(170)
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D.2 The generalised, incremental stiffness matrix Ks,y for stiffen-
ers perpendicular to the free edge
D.2.1 Introduction
In the chosen coordinate system, defined in Fig. 4, stiffeners perpendicular to the free
edge are oriented in the y-direction. In order to indicate the direction of the stiffeners,
’y’ is included in the super index in the stiffener contributions.
In the expressions below, integrals are replace with simplified expressions, Ism, I
cs
mn,
etc. For instance,
Ism =
∫ b
0
sin(
mπ
b
y) dy =
b
mπ
[1− (−1)m] (171)
is introduced. The expressions for all the integrals can be found in Appendix F . In
addition , the Kronecker delta defined by
δij =
{
1 if i = j
0 otherwise
(172)
is used. Further, in order to simplify the expression of the contributions for the stiffeners
perpendicular to the free edge, the following term
Jssssikmr = sin(
iπ
L
xs)sin(
kπ
L
xs)sin(
mπ
L
xs)sin(
rπ
L
xs) (173)
is introduced, since this term appears quite frequently in the expressions. Details on how
to build the matrices is given in Appendix A and B.
D.2.2 Definition of the KsL,yvv -matrix
The matrix KsL,yvv is symmetrical, and the size of this matrix is (Mva +MvbNvb + 1) ×
(Mva +MvbNvb + 1). The matrix is a constant contribution and consists of the sub-
matrices given in index notation in the following expressions
KsL,yvavav˙
a =
∂2UsL,y
∂vaf∂v
a
p
v˙ap
=
Mva∑
p=1
EAs
1
b
cos(
fπ
L
xs)cos(
pπ
L
xs)v˙
a
p
(174)
KsL,yvbvbv˙
b =
∂2UsL,y
∂vbfg∂v
b
pq
v˙bpq
=
Mvb∑
p=1
Nvb∑
q=1
EAs
(
gπ
b
)2
b
2
sin(
fπ
L
xs)sin(
pπ
L
xs)δgq v˙
b
pq
(175)
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KsL,yvcvcv˙
c =
∂2UsL,y
∂vc∂vc
v˙c = EAs
1
b
v˙c (176)
KsL,yvavcv˙
c =
∂2UsL,y
∂vaf∂v
c
v˙c = EAs
1
b
cos(
fπ
L
xs)v˙
c (177)
KsL,yvcvav˙
a =
∂2UsL,y
∂vc∂vap
v˙ap =
Mva∑
p=1
EAs
1
b
cos(
pπ
L
xs)v˙
a
p (178)
KsL,yvavb = 0, K
sL,y
vbva = 0, K
sL,y
vbvc = 0, K
sL,y
vcvb = 0 (179)
D.2.3 Definition of the KsL,yvw -matrix
The size of the matrix KsL,yvw is (Mva +MvbNvb + 1) × (Mwa +MwbNwb). The matrix is
a constant contribution and consists of the submatrices given in index notation in the
following expressions
KsL,yvawaw˙
a =
∂2UsL,y
∂vaf∂w
a
p
w˙ap =
Mwa∑
p=1
Mwa∑
m=1
wa0mEAs
(
1
b
)2
cos(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)w˙
a
p
(180)
KsL,yvawbw˙
b =
∂2UsL,y
∂vaf∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
ecEAs
(
qπ
b
)2
1
b
Isq cos(
fπ
L
xs)sin(
pπ
L
xs)w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
wb0mqEAs
(
qπ
b
)2
1
2
cos(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)w˙
b
pq
(181)
KsL,yvbwaw˙
a =
∂2UsL,y
∂vbfg∂w
a
p
w˙ap =
Mwa∑
p=1
Mwa∑
m=1
wb0mgEAs
(
gπ
b
)2
1
2
sin(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)w˙
a
p
(182)
KsL,yvbwbw˙
b =
∂2UsL,y
∂vbfg∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
ecEAs
(
qπ
b
)2
gπ
b
Icsgqsin(
fπ
L
xs)sin(
pπ
L
xs)w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wa0mEAs
(
gπ
b
)2
1
2
sin(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)δgqw˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Mwb∑
m=1
wb0mnEAs
gπ
b
qπ
b
nπ
b
Icccgqnsin(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)w˙
b
pq
(183)
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KsL,yvcwaw˙
a =
∂2UsL,y
∂vc∂wap
w˙ap =
Mwa∑
p=1
Mwa∑
m=1
wa0mEAs
(
1
b
)2
sin(
pπ
L
xs)sin(
mπ
L
xs)w˙
a
p (184)
KsL,yvcwbw˙
b =
∂2UsL,y
∂vc∂wbpq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
ecEAs
(
qπ
b
)2
1
b
Isq sin(
pπ
L
xs)w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
wa0mqEAs
(
qπ
b
)2
1
2
sin(
pπ
L
xs)sin(
mπ
L
xs)w˙
b
pq
(185)
D.2.4 Definition of the KsL,ywv -matrix
Due to symmetry, the matrix can be given by
KsL,ywv = (K
sL,y
vw )
T (186)
where KsL,yvw is given in Section D.2.3. The size of this matrix is (Mwa +MwbNwb) ×
(Mva +MvbNvb + 1).
D.2.5 Definition of the KsL,yww -matrix
The matrix KsL,yww is symmetrical, and the size of this matrix is (Mwa + MwbNwb) ×
(Mwa +MwbNwb). The matrix is a constant contribution and consists of the submatrices
given in index notation in the following expressions
KsL,ywawaw˙
a =
∂2UsL,y
∂waf∂w
a
p
w˙ap
=
Mwa∑
p=1
Mwa∑
m=1
Mwa∑
r=1
wa0mw
a
0rEAs
(
1
b
)3
Jssssfpmrw˙
a
p
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
Mwb∑
r=1
wb0mnw
b
0rnEAs
1
b
(
nπ
b
)2
1
2
Jssssfpmrw˙
a
p
(187)
83
KsL,ywawbw˙
b =
∂2UsL,y
∂waf∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wa0mecEAs
[(
1
b
)2(
qπ
b
)2
Isq sin(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnecEAs
[
1
b
(
qπ
b
)2
nπ
b
Icsnqsin(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwb∑
r=1
wa0mw
b
0rqEAs
1
b
(
qπ
b
)2
Jssssfpmrw˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
Mwb∑
r=1
Nwb∑
s=1
wb0mnw
b
0rsEAs
1
b
qπ
b
nπ
b
sπ
b
JssssfpmrI
ccc
qnsw˙
b
pq
(188)
KsL,ywbwa = (K
sL,y
wawb)
T (189)
KsL,ywbwbw˙
b =
∂2UsL,y
∂wbfg∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
EI
2
(
gπ
b
)4
b sin(
fπ
L
xs)sin(
pπ
L
xs)δgqw˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wa0mecEAs
[
1
b
(
qπ
b
)2
gπ
b
Icsgq
+
1
b
(
gπ
b
)2
qπ
b
Icsqg
]
sin(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wb0mnecEAs
[(
qπ
b
)2
gπ
b
nπ
b
Isccqgn
+
(
gπ
b
)2
qπ
b
nπ
b
Isccgqn
]
sin(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwa∑
r=1
wa0mw
a
0rEAs
1
b
(
gπ
b
)2
1
2
Jssssfpmrδgqw˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Nwb∑
r=1
Nwb∑
s=1
wa0mw
b
0rs2EAs
gπ
b
qπ
b
sπ
b
1
b
JssssfpmrI
ccc
gqnw˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
Nwb∑
r=1
Nwb∑
s=1
wb0mnw
b
0rsEAs
gπ
b
qπ
b
nπ
b
sπ
b
JssssfpmrI
cccc
gqnsw˙
b
pq
(190)
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D.2.6 Definition of the KsNL,yvw -matrix
The size of the matrix KsNL,yvw is (Mva +MvbNvb + 1)× (Mwa +MwbNwb). The matrix is
a nonlinear contribution and is dependent of the displacement amplitudes. It consists of
the submatrices given in index notation in the following expressions
KsNL,yvawa w˙
a =
∂2UsNL,y
∂vaf∂w
a
p
w˙ap =
Mwa∑
p=1
Mwa∑
m=1
wamEAs
(
1
b
)2
cos(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)w˙
a
p
(191)
KsNL,yvawb w˙
b =
∂2UsNL,y
∂vaf∂w
b
pq
w˙bpq =
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
wbmqEAs
(
qπ
b
)2
1
2
cos(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)w˙
b
pq
(192)
KsNL,yvbwa w˙
a =
∂2UsNL,y
∂vbfg∂w
a
p
w˙ap =
Mwa∑
p=1
Mwb∑
m=1
wbmgEAs
(
gπ
b
)2
1
2
sin(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)w˙
a
p
(193)
KsNL,yvbwb w˙
b =
∂2UsNL,y
∂vbfg∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wbmnEAs
gπ
b
qπ
b
nπ
b
sin(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)I
ccc
gqnw˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wamEAs
(
gπ
b
)2
1
2
sin(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)δgqw˙
b
pq
(194)
KsNL,yvcwa w˙
a =
∂2UsNL,y
∂vc∂wap
w˙ap =
Mwa∑
p=1
Mwa∑
m=1
wamEAs
(
1
b
)2
sin(
pπ
L
xs)sin(
mπ
L
xs)w˙
a
p (195)
KsNL,yvcwb w˙
b =
∂2UsNL,y
∂vc∂wbpq
w˙bpq =
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
wbmqEAs
(
gπ
b
)2
1
2
sin(
pπ
L
xs)sin(
mπ
L
xs)w˙
b
pq (196)
D.2.7 Definition of the KsNL,ywv -matrix
Due to symmetry, the matrix can be given by
KsNL,ywv = (K
sNL,y
vw )
T (197)
where KsNL,yvw is given in Section D.2.6. The size of this matrix is (Mwa +MwbNwb) ×
(Mva +MvbNvb + 1).
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D.2.8 Definition of the KsNL,yww -matrix
The matrix KsNL,yww is symmetrical, and the size of this matrix is (Mwa + MwbNwb) ×
(Mwa +MwbNwb). The matrix is a nonlinear contribution and is dependent of the dis-
placement amplitudes. It consists of the submatrices given in index notation in the
following expressions
KsNL,ywawa w˙
a =
∂2UsNL,y
∂waf∂w
a
p
w˙ap
=
Mwa∑
p=1
Mwa∑
m=1
Mwa∑
r=1
EAs
(
1
b
)3
Jssssfpmr
[
3wamw
a
0r +
3
2
wamw
a
r
]
w˙ap
+
Mwa∑
p=1
Mwb∑
m=1
Nwb∑
n=1
Mwb∑
r=1
EAs
(
1
b
)2(
nπ
b
)2
b
2
Jssssfpmr
[
3wbmnw
b
0rn +
3
2
wbmnw
b
rn
]
w˙ap
+
Mwa∑
p=1
Mva∑
i=1
vaiEAs
(
1
b
)2
cos(
iπ
L
xs)sin(
fπ
L
xs)sin(
pπ
L
xs)w˙
a
p
+
Mwb∑
p=1
vcEAs
(
1
b
)2
sin(
pπ
L
xs)sin(
fπ
L
xs)w˙
a
p
(198)
KsNL,ywawb w˙
b =
∂2UsNL,y
∂waf∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wamecEAs
[(
1
b
)2(
qπ
b
)2
Isq sin(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wbmnecEAs
[
1
b
(
nπ
b
)2
qπ
b
Icsqn
+
1
b
(
qπ
b
)2
nπ
b
Icsnq
]
sin(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwb∑
r=1
EAs
(
qπ
b
)2(
1
b
)2
b
2
Jssssfmpr
[
3wamw
b
0rq
+ 3wa0mw
b
rq + 3w
a
mw
b
rq
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
Mwb∑
r=1
Nwb∑
s=1
EAs
1
b
qπ
b
nπ
b
sπ
b
Jssssfpmr
[
3wbmnw
b
0rs +
3
2
wbmnw
b
rs
]
w˙bpq
+
Mwb∑
p=1
Nvbwb∑
q=1
Mvb∑
i=1
vbiqEAs
(
qπ
b
)2
1
2
sin(
iπ
L
xs)sin(
fπ
L
xs)sin(
pπ
L
xs)w˙
b
pq
(199)
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KsNL,ywbwa = (K
sNL,y
wawb )
T (200)
KsNL,ywbwb w˙
b =
∂2UsNL,y
∂wbfg∂w
b
pq
w˙bpq
=
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
wamecEAs
[
1
b
(
qπ
b
)2
gπ
b
Icsgq
+
1
b
(
gπ
b
)2
qπ
b
Icsqg
]
sin(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
wbmnecEAs
[(
nπ
b
)2
gπ
b
qπ
b
Isccngq +
(
qπ
b
)2
nπ
b
gπ
b
Isccqng
+
(
gπ
b
)2
nπ
b
qπ
b
Isccgnq
]
sin(
fπ
L
xs)sin(
pπ
L
xs)sin(
mπ
L
xs)w˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwa∑
m=1
Mwa∑
r=1
EAs
(
qπ
b
)2(
1
b
)2
b
2
Jssssfpmr
[
3wa0mw
a
r +
3
2
wamw
a
r
]
δgqw˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
Mwa∑
r=1
EAs
1
b
qπ
b
gπ
b
nπ
b
JssssfpmrI
ccc
gqn
[
3warw
b
0mn + 3w
a
0rw
b
mn + 3w
a
rw
b
mn
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mwb∑
m=1
Nwb∑
n=1
Mwa∑
r=1
Nwb∑
s=1
EAs
gπ
b
qπ
b
nπ
b
sπ
b
JssssfpmrI
cccc
gqns
[
3wbmnw
b
0rs +
3
2
wbmnw
b
rs
]
w˙bpq
+
Mwb∑
p=1
Nwb∑
q=1
Mva∑
i=1
vai EAs
(
gπ
b
)2
1
2
cos(
iπ
L
xs)sin(
fπ
L
xs)sin(
pπ
L
xs)δgqw˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
Mvb∑
i=1
Nvb∑
i=1
vbijEAs
qπ
b
gπ
b
nπ
b
sin(
iπ
L
xs)sin(
fπ
L
xs)sin(
pπ
L
xs)I
ccc
qgnw˙
b
pq
+
Mwb∑
p=1
Nwb∑
q=1
vcEAs
(
gπ
b
)2
1
2
sin(
pπ
L
xs)sin(
fπ
L
xs)δgqw˙
b
pq
(201)
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E The matrices of the eigenvalue problem
E.1 Introduction
The eigenmode is computed in the same manner as described in detail in Brubak et al.
[19]. The resulting eigenvalue problem can be written in the common, bold face notation
as
(KMe + Λ
eKGe )w
e = 0 (202)
where Λe is the eigenvalue and we the corresponding eigenmode. KMe and K
G
e are the
material and geometrical stiffness matrix, respectively. These matrices are divided into
submatrices, and then, KMe and K
G
e can be written as
KMe =
[
KMwawa K
M
wawb
KMwbwa K
M
wbwb
]
, KGe =
[
KGwawa K
G
wawb
KGwbwa K
G
wbwb
]
(203)
More details on these matrices are given below. In this eigenvalue problem, the amplitudes
for the out-of-plane displacements given in Eqs. 24-25 are the only unknowns.
E.2 The material stiffness matrix KMe -matrix
The material stiffness matrix KMe consists of bending contributions of the plate and
stiffeners. This can be expressed by
KMe = K
pb
e +K
sb,x
e +K
sb,y
e (204)
where Kpbe is the bending stiffness matrix of the plate, andK
sb,x
e and K
sb,y
e are the bending
stiffness matrices of stiffeners parallel and perpendicular to the free edge, respectively.
The bending stiffness matrix of the plate, Kpbe , is identical to K
pb
ww given in Section
C.2.2. The bending stiffness matrix of a stiffener parallel to the free edge,Ksb,xe , is identical
to KsL,xww in Section D.1.5 with EAs = 0 (neglecting the membrane stiffness) and with the
bending stiffness EI replaced by an effective bending stiffness EIe in the same manner as
in Brubak, Hellesland and Steen [19]. Similarly, bending stiffness matrix of the stiffeners
perpendicular to the free edge, KsL,yww , is identical to K
sL,y
ww given in Section D.1.5 with
EAs = 0 and with an effective bending stiffness EIe.
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E.3 The geometrical stiffness matrix KGe -matrix
The geometrical stiffness matrix KGe due the an applied reference stress Sx0 at the plate
edge consists of the submatrices given in index notation in the following expressions
KGwawa = −
Mwa∑
p=1
Sx0Lbt
6
(
fπ
L
)2
δfp (205)
KGwawb = −
Mwb∑
p=1
Nwb∑
q=1
Sx0Lt
2
(
fπ
L
)2
Iysq δfp (206)
KGwbwa = −
Mwa∑
p=1
Sx0Lt
2
(
fπ
L
)2
Iysg δfp (207)
KGwbwb = −
Mwb∑
p=1
Nwb∑
q=1
Sx0Lbt
4
(
fπ
L
)2
δfpδgq (208)
F Integrals
The integrals in the expressions for all the submatrices are given below
Isj =
∫ b
0
sin(
jπ
b
y) dy =
b
jπ
[1− (−1)j ] (209)
Iysj =
∫ b
0
y
b
sin(
jπ
b
y) dy = −
b
jπ
(−1)j (210)
Iycj =
∫ b
0
y
b
cos(
jπ
b
y) dy =
b
(jπ)2
[(−1)j − 1] (211)
Iyysj =
∫ b
0
(
y
b
)2
sin(
jπ
b
y) dy =
b
(jπ)3
(
[2− (jπ)2](−1)j − 2
)
(212)
Iyycj =
∫ b
0
(
y
b
)2
cos(
jπ
b
y) dy =
2b
(jπ)2
(−1)j (213)
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Iyyysj =
∫ b
0
(
y
b
)3
sin(
jπ
b
y) dy =
b
(jπ)3
[6− (jπ)2](−1)j (214)
Icsjl =
∫ b
0
cos(
jπ
b
y)sin(
lπ
b
y) dy =
{
0 if j = l
b[1−(−1)j (−1)l]l
pi(l2−j2)
if j 6= l
(215)
Iyccjl =
∫ b
0
y
b
cos(
jπ
b
y)cos(
lπ
b
y) dy =
{
b
4
if j = l
b[j2+l2][(−1)j+l−1]
pi2(j2−l2)2
if j 6= l
(216)
Iyssjl =
∫ b
0
y
b
sin(
jπ
b
y)sin(
lπ
b
y) dy =
{
b
4
if j = l
b2jl
pi2(j2−l2)2
[(−1)j+l − 1] if j 6= l
(217)
Iycsjl =
∫ b
0
y
b
cos(
jπ
b
y)sin(
lπ
b
y) dy =
{
− b
4pij
if j = l
b(−1)j (−1)l
pi(j2−l2)2
[j2l − l3] if j 6= l
(218)
Iyyssjl =
∫ b
0
(
y
b
)2
sin(
jπ
b
y)sin(
lπ
b
y) dy =
{
b[2(pij)2−3]
12(pij)2
if j = l
b4[j3l−l3j](−1)j+l
pi2(j6−l6+3j2l4−3j4l2)
if j 6= l
(219)
Iyyccjl =
∫ b
0
(
y
b
)2
cos(
jπ
b
y)cos(
lπ
b
y) dy =
{
b[3+2(pij)2]
12(pij)2
if j = l
b2[j4−l4](−1)j+l
pi2(j6−l6+3j2l4−3j4l2)
if j 6= l
(220)
Isssjln =
∫ b
0
sin(
jπ
b
y)sin(
lπ
b
y)sin(
nπ
b
y) dy =
{
0 if j
4+l4+n4
2(j2l2+j2n2+l2n2)
= 1
b2jln[(−1)j(−1)l(−1)n−1]
pi[j4+l4+n4−2(j2l2+j2n2+l2n2)]
otherwise
(221)
Icccjln =
∫ b
0
cos(
jπ
b
y)cos(
lπ
b
y)cos(
nπ
b
y) dy =
{
b
4
if j
4+l4+n4
2(j2l2+j2n2+l2n2)
= 1
0 otherwise
(222)
Icssjln =
∫ b
0
cos(
jπ
b
y)sin(
lπ
b
y)sin(
nπ
b
y) dy =


b
4
if j
4+l4+n4
2(j2l2+j2n2+l2n2)
= 1 and l2 + n2 > j2
− b
4
if j
4+l4+n4
2(j2l2+j2n2+l2n2)
= 1 and l2 + n2 < j2
0 otherwise
(223)
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Isccjln =
∫ b
0
sin(
jπ
b
y)cos(
lπ
b
y)cos(
nπ
b
y) dy =
{
0 if j
4+l4+n4
2(j2l2+j2n2+l2n2)
= 1
bj[l2+n2−j2][(−1)j(−1)l(−1)n−1]
pi[j4+l4+n4−2(j2l2+j2n2+l2n2)]
otherwise
(224)
Iysssjln =
∫ b
0
y
b
sin(
jπ
b
y)sin(
lπ
b
y)sin(
nπ
b
y) dy = Φ1 + Φ2 + Φ3 + Φ4 (225)
where
Φ1 =
{
0 if n+ l − j = 0
−
b(−1)j+l−j
4pi(n+l−j)
otherwise
, Φ2 =
{
0 if n+ j − l = 0
−
b(−1)n+j−l
4pi(n+j−l)
otherwise
(226)
Φ3 =
{
0 if n− j − l = 0
b(−1)n−j−l
4pi(n−j−l)
otherwise
, Φ4 =
b(−1)n+j+l
4π(n+ j + l)
(227)
Iysccjln =
∫ b
0
y
b
sin(
jπ
b
y)cos(
lπ
b
y)cos(
nπ
b
y) dy = Ψ1 +Ψ2 +Ψ3 +Ψ4 (228)
where
Ψ1 =
{
0 if j − l − n = 0
−
b(−1)j−l−n
4pi(j−l−n)
otherwise
, Ψ2 =
{
0 if j − l + n = 0
−
b(−1)j−l+n
4pi(j−l+n)
otherwise
(229)
Ψ3 =
{
0 if j + l − n = 0
−
b(−1)j+l−n
4pi(j+l−n)
otherwise
, Ψ4 = −
b(−1)n+j+l
4π(n + j + l)
(230)
Iccccjlns =
∫ b
0
cos(
jπ
b
y)cos(
lπ
b
y)cos(
nπ
b
y)cos(
sπ
b
y) dy = Θ1 +Θ2 +Θ3 +Θ4 +Θ5 +Θ6 +Θ7
(231)
where
Θ1 =
{
b
8
if j + l = n + s
0 otherwise
, Θ2 =
{
b
8
if j + l = −n + s
0 otherwise
(232)
Θ3 =
{
b
8
if j + l = n− s
0 otherwise
, Θ4 =
{
b
8
if j − l = −n− s
0 otherwise
(233)
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Θ5 =
{
b
8
if j − l = n + s
0 otherwise
, Θ6 =
{
b
8
if j − l = −n + s
0 otherwise
(234)
Θ7 =
{
b
8
if j − l = n− s
0 otherwise
(235)
Issssjlns =
∫ b
0
sin(
jπ
b
y)sin(
lπ
b
y)sin(
nπ
b
y)sin(
sπ
b
y) dy = Ω1 + Ω2 + Ω3 + Ω4 + Ω5 + Ω6 + Ω7
(236)
where
Ω1 =
{
− b
8
if j + l = −n+ s
0 otherwise
, Ω2 =
{
− b
8
if j + l = n− s
0 otherwise
(237)
Ω3 =
{
b
8
if j + l = n+ s
0 otherwise
, Ω4 =
{
b
8
if j − l = −n + s
0 otherwise
(238)
Ω5 =
{
b
8
if j − l = n− s
0 otherwise
, Θ6 =
{
− b
8
if j − l = −n− s
0 otherwise
(239)
Ω7 =
{
− b
8
if j − l = n+ s
0 otherwise
(240)
Issccjlns =
∫ b
0
sin(
jπ
b
y)sin(
lπ
b
y)cos(
nπ
b
y)cos(
sπ
b
y) dy = Υ1 +Υ2 +Υ3 +Υ4 +Υ5 +Υ6 +Υ7
(241)
where
Υ1 =
{
− b
8
if j + l = n + s
0 otherwise
, Υ2 =
{
− b
8
if j + l = −n + s
0 otherwise
(242)
Υ3 =
{
− b
8
if j + l = n− s
0 otherwise
, Υ4 =
{
b
8
if j − l = −n− s
0 otherwise
(243)
Υ5 =
{
b
8
if j − l = n + s
0 otherwise
, Υ6 =
{
b
8
if j − l = −n + s
0 otherwise
(244)
Υ7 =
{
b
8
if j − l = n− s
0 otherwise
(245)
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